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Abstract

One of the key advantages of modern programming languages is that they free
the programmer from the burden of explicit memory management. Usually, this
means that memory management is delegated to the run-time system by the use
of a run-time garbage collector (RTGC). Basically, a RTGC is a dedicated process
that is run in parallel with the user program. Whenever the user program needs
to store some data, the RTGC provides the desired memory space. At regular
intervals, the RTGC reviews the uses of the allocated memory space, and recovers
those memory cells that have become garbage, i.e. , that can not be accessed any
more by the user program.

A complementary form of automatic memory management is compile-time
memory management (CTGC), where the decisions for memory management are
taken at compile-time instead of at run-time. The compiler determines the life-
time of the variables that are created during the execution of the program, and
thus also the memory that will be associated with these variables. Whenever the
compiler can guarantee that a variable, or more precisely, parts of the memory
resources that this variable points to at run-time, will never ever be accessed
beyond a certain program instruction, then the compiler can add instructions to
deallocate these resources at that particular instruction without compromising
the correctness of the resulting code. If the program instruction is followed by
a series of instructions that require the allocation of new memory cells, then the
compiler can replace the sequence of deallocation and allocation instructions, by
instructions updating the garbage cells, hence reusing these cells.

We study the technique of compile-time garbage collection in the context of
Mercury, a pure declarative language. A key element of declarative languages
is that they disallow explicit memory updates (which are common operations in
most other programming paradigms) but they rely instead on term construction
and deconstruction to manipulate the program data. This places a high demand
on the memory management and makes declarative languages a primary target
for compile-time garbage collection. Moreover, the clear mathematical founda-
tions of Mercury, being a pure declarative language, makes the development of
the program analyses that are necessary for CTGC feasible.



In this thesis we define a number of semantics for the logic programming
language Mercury and formally establish the equivalence between them; we use
these semantics to formalise the different program analysis steps that are needed
to implement a basic CTGC system for Mercury and prove their safeness. We
extend this basic CTGC system such that it is able to correctly deal with programs
organised into modules and we implement a complete CTGC system within the
Melbourne Mercury Compiler. To the best of our knowledge, this is the first
and only complete CTGC system that has ever been built for a programming
language.
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Chapter 1

Introduction

1.1 Memory Management

One of the key advantages of modern programming languages is that they free
the programmer from the burden of explicit memory management. Usually, this
means that memory management is delegated to the run-time system by the use
of a so called run-time garbage collector (RTGC). Basically, a run-time garbage col-
lector can be seen as a dedicated process that is run in parallel with the user pro-
gram. Whenever the user program needs to store some information, the RTGC
is asked to provide the desired memory space. At regular intervals, or if the
memory space tends to become full, the RTGC analyses all the data that is stored
in memory: data that is still reachable by the user program is called live, while data
that can definitely not be accessed anymore by the user program is classified as
dead. While live data must carefully be kept, all dead data may safely be deal-
located, and the corresponding memory can be made available for subsequent
allocations.

While this scheme of automatic memory management has reached the big
public mainly by the popular programming language Java and its run-time envir-
onment (Gosling and McGilton 1995), the history of run-time garbage collectors
dates back to LISP, and the development of the so called declarative programming
languages in general. Indeed, in the latter family of programming languages, even
simple destructive updates, which are common operations in the imperative pro-
gramming paradigm, are prohibited. In this context, updating a particular field
within a structure saved in memory means to create a copy of that structure and
update that specific field. This is one of the cornerstones of their declarativeness.
However, updating data this way is time consuming, and more importantly, leads
to large memory consumption, making the need for good memory management
even more important.
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While the run-time system can take care of automatic memory management,
it also has its disadvantages:

e Obviously, a RTGC has an associated cost with respect to execution time
as well as memory space. In extreme cases, such as programs developed
for embedded systems, this form of memory management may have to be
slimmed down or even completely removed.

o The run-time system may not have all the information about the program
at its disposition, and to guarantee the safeness of the deallocations, may
have to overestimate the live data, leading to a larger memory footprint
than (what could have been) expected. Garbage collectors having to act in
such uncooperative environments are called conservative garbage collectors.

o The time between the moment that a particular structure becomes dead,
and the moment where it is deallocated by the garbage collector can be sub-
stantial. This may unnecessarily clutter the memory usage of the program.

o The lack of destructive update in declarative languages makes that — in or-
der to change a value in a data structure — the structure needs to be decon-
structed, and immediately thereafter be reconstructed with only a few val-
ues changed. Rather than deallocating the memory occupied by the former
structure and allocating new memory for the latter structure, the same block
of memory could be (re)used.

As a consequence, even in the presence of garbage collectors, declarative pro-
grammers were taught a bag of tricks allowing to circumvent the lack of destruct-
ive updates. An example is the use of open ended data structures such as differ-
ence lists which are often used in Prolog for the purpose of a better memory be-
haviour. Moreover, declarative languages often include primitive operations or
language constructs allowing some form of direct memory management. A typ-
ical example is the use of assert and retract predicates in Prolog. These predicates
do indeed allow the destructive update of memory blocks, yet these destructive
updates are implemented as side-effects, hence, do not preserve the clean declar-
ative semantics of the program: performing the same query or function twice
may not lead to exactly the same answer. In more recent declarative languages,
in which purity is kept as an essential characteristic of the language, other, more
sophisticated techniques have been developed, the most popular being the use of
so called unique objects (Somogyi, Henderson, and Conway 1996; Bekkers and
Tarau 1995; Wadler 1992), the uniqueness of which are automatically verified by
the compiler.

Whether pure or not pure, sophisticated or not sophisticated, all these ad hoc
techniques and approaches may have the advantage of saving some memory us-
age, yet their use is by definition cumbersome as it does not fit the declarative
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paradigm where the programmer should not have to worry about memory man-
agement in the first place. This principle has continued to be the driving force of
a large community of researchers to further investigate the potential of run-time
garbage collection, yet it has also led to the interesting and challenging research
area of compile-time garbage collection.

The principle of compile-time garbage collection (CTGC) is to determine at
compile-time when memory blocks become dead during the execution of the pro-
gram. The process is meant to be completely automatic, and relies on program
analysis for determining the dead structures. The goal of a CTGC system is to
downsize the memory usage of a program, reduce the responsibility of the run-
time collector, hence also hopefully its overhead, and perhaps as an end-effect,
reduce the overall execution time of the program.

The dream of compile-time garbage collection has existed since years, yet it is
only recently, with the maturity of program analysis in general, that this dream
could be realised into a complete working system. In this work we realise this
dream in the particular context of the modern logic programming language Mer-
cury.

1.2 An intuitive example

We give a brief sketch of how compile-time garbage collection provides for auto-
matic memory management by the use of a small example. This allows us to
highlight the issues and challenges involved with this technique.

We assume some familiarity with logic programming, although similar situ-
ations can be sketched in other programming languages too.

Consider a predicate that updates the salary of an employee in a database.
If we assume that an employee is simply represented as a term with a list of
arguments consisting of their name, birthday, and salary, then the predicate may
be written as:

updateSalary (EmployeeRecord, NewSalary, NewRecord) : —
EmployeeRecord = employee (Name, Birthday , OldSalary),
NewRecord = employee (Name, Birthday , NewSalary).

Note that indeed, as we mentioned earlier, a simple update in a pure logic pro-
gramming language consists of creating a new term that serves as a copy of the
original term, with the only difference that one of its fields will have a different
value.

Now assume that the above predicate is part of a larger administrative soft-
ware package, and that at some moment during the execution of that package, a
variable JackRecord is bound to the structured term:

employee ("Jack_Newman", 19490319, 40000)
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"Jack Newman" "Jack Newman"
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Figure 1.1: Sketch of the call updateSalary(JackRecord, 42000, NewJackRecord), with
JackRecord bound to employee("Jack_Newman", 19490319, 40000). Parts (a) and (b)
picture the memory layout before, resp. after the body of the predicate is con-
sidered.

representing the record of an employee named Jack Newman, born on the 19th
of March in 1949, and currently receiving 40000$ a year. Updating his wages can
be achieved by calling the above defined predicate, e.g.,

updateSalary (JackRecord, 42000, NewJackRecord)

Figure 1.1 sketches the memory layout of that call, before executing the body of
the predicate (a), and right after having executed them (b).

Now suppose that variable JackRecord was the only reference to the old situ-
ation of Jack’s record within the program, then the memory fields representing
that record can be considered as dead which a run-time garbage collector can
deallocate in one of its future cycles. This is depicted in Figure 1.2 (a), where the
dead data is marked using grey boxes with dashed lines. This is how a run-time
garbage collection would behave.

Now what if we were able to detect at compile-time that for some calls of
updateSalary the term associated to the first argument may become dead? Then
we could compile the program to include the low-level instructions which deal-
locate these dead memory cells, or we could push program analysis even further
and try to find possibilities of reusing these dead cells for constructing the new
employee record, hence, producing the low-level instructions to perform the de-
structive update of the initial record. For the run-time process this means that
the deallocation followed by the allocation is replaced by instructions for alter-
ing one simple field, namely the field of the salary of the employee, and copying
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"Jack Newman" "Jack Newman"
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EmployeeRecord |e/3 40000
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NewSalary 42000
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Figure 1.2: (a) After the call, the memory cells of EmployeeRecord become garbage
(shown as grey boxes). (b) Instead of generating garbage, the dead cells can be
reused for creating the new structure bound to NewRecord.

the pointer to the original term to the new variable NewRecord. This situation is
depicted in part (b) of Figure 1.2.

Through this example we can identify the following tasks of a compile-time
garbage collection system:

o Clearly, such a system needs to determine at compile-time when particular
data structures are accessed for the last time, after which they become dead
and thus garbage. This detection can be done using the technique of pro-
gram analysis, and more specifically, abstract interpretation, a technique that
allows to derive run-time properties of programs without actually execut-
ing them. Here, the run-time property of interest is the knowledge about
which data structures are dead, or the dual, which data structures remain
live.

o Using the liveness information, one can thus detect when particular memory
blocks become definitely garbage. It is then the task of the compile-time
garbage collection system to determine what needs to be done with that
garbage: either deallocate it or immediately reuse it?

o Once the compiler knows when data dies in a particular program, and how
it can be reused, then the compiled code of that program should reflect these
decisions and implement the actual memory reuse. In the case of our ex-
ample, this means that for that particular call where the first argument is
not used anymore further in the program, and where we want to reuse the
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dead data locally, the compiler should generate code that performs a de-
structive update of the input argument.

e The compiler may be able to spot the possibility of a local reuse within
the predicate of the example, yet whether or not the reuse is allowed de-
pends on the caller of that predicate. Hence, the following questions must
be answered:

— Is it interesting to provide a variant of the original predicate that im-
plements the detected memory reuse? Will there be any use for it?

— When can calls to this predicate be replaced by calls to the optimised
version, without compromising the safety of the program? How can
we express the conditions with which we can guarantee this safety?

¢ Finding an answer to the previous questions becomes even more important
in the presence of modules. Modules are often compiled separately, some
modules may be even part of libraries, and thus pre-compiled w.r.t. the cur-
rent project of the programmer. This means that during the compilation of
one specific module, the compiler may not know how the entities defined
in that module are used by the rest of the program. In our concrete example
of the predicate updateSalary, this means that the compiler needs to detect
that there is some potential of memory reuse of the first argument while
being in some way blind about the way this predicate will be called by the
remainder of the program. Moreover, even if the compiler does detect the
memory reuse potential, how can that information be used?

o A CTGC system is clearly a complex system. Yet, to be usable in a real
compiler, the slow-down of the overall compilation of a program must be
in proportion to the obtained improved memory behaviour.

We give a brief overview of the work that already exists in some of these areas,
then formulate the contribution of this work and finally, present the structure of
this thesis.

1.3 Liveness Analysis

Mulkers (1991) defines live data structure analysis in the context of the logic pro-
gramming language Prolog. It is based on the abstract interpretation framework
of (Bruynooghe 1991) and essentially consists of two parts: a structure sharing
analysis and the actual liveness analysis. The first part is a dedicated analysis that
determines the possible memory sharing that may exist between the terms that
are created during the execution of the program. This notion is not to be confused
with sharing analysis (Bagnara, Zaffanella, and Hill 2005), an analysis whose aim
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is to detect the sharing of the free variables within the constructed terms. Com-
bining structure sharing information with the information about which variables
are accessed during the forward execution of the program yields the description
of all the memory blocks that this forward execution may possibly access. In
this work backwards execution by means of backtracking is not specifically dealt
with at analysis time. The author relies on the run-time system which must be
enhanced such that memory reuse in the presence of backtracking remains safe.
This means that the trailing mechanism must be adapted. Relying on the run-time
system for this kind of safeness means an extra burden for the run-time system,
reducing the overall win of using a compile-time garbage collector in the first
place. In (Bruynooghe, Janssens, and Kagedal 1997) this problem is alleviated,
and a formulation of the live structure analysis is presented that does explicitly
take non-deterministic execution into account. The essential difference allowing
this move is that in this work the underlying language is considered to be a logic
programming language enriched with type, mode and determinism declarations.
These declarations, absent in pure Prolog, are provided by the programmer as ex-
tra documentation of her/his code, yet at the same time, they allow the compiler
to generate more efficient code. In this case, these declarations can be used as a
form of added precision to the initial work of Mulkers (1991).

In the area of functional programming languages the terminology of escape
analysis or inheritance analysis is often used. The aim of this analysis is the same:
obtain information on positions in a program where certain heap cells become obsol-
ete during execution (Mohnen 1995). Escape analysis allows for detecting which
parts of the input to a function escape to the produced output. The parts that do
not escape can safely be considered as garbage. The theory in (Mohnen 1997) is
presented for a specific artificial and simplified functional language, and the es-
cape information is formulated as a denotational characteristic of the language.
An important aspect of escape information also consists of the sharing informa-
tion between the manipulated data. Oddly enough, the author illustrates the use
of the escape analysis for compile-time garbage collection, yet assumes that in
such a setting, memory reuse is limited to structures which definitely will or can
not share with other structures. Escape analysis has also been used in the context
of object-oriented languages (Hill and Spoto 2002; Blanchet 1998; Blanchet 1999),
yet there the prime intention of the analysis is to allocate objects of which the life-
time is known not to extend the lifetime of a given function on the stack instead
of dynamically allocating them on the heap.

1.4 Reuse Decisions

The knowledge about terms becoming garbage at specific points in a program
can be used in a number of different ways, regardless of the exact programming
paradigm used:
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o Explicit Deallocation (Hamilton 1995; Hamilton 1993). Here the data is im-
mediately returned to the run-time system as soon as it has been detected
as garbage. This approach is also used in (Hughes 1992), amongst others.

o Destructive Allocation (Hamilton 1995; Hamilton 1993). In this case, garbage
is immediately reused for creating new structures. This approach is for ex-
ample used in (Debray 1993; Gudjonsson and Winsborough 1993).

In (Gudjonsson and Winsborough 1993) the authors go even beyond simple real-
location of the dead data as their goal is to save every possible pointer or field
update.

1.5 Modules

It is only recently that modules have been recognised as an element to be taken
into account for the analysis of logic programs. Indeed, in the presence of mod-
ules, a program analysis system may either ignore the module structure of the
program and analyse the source code stored in these modules as one single mono-
lithic block, or conform to the usual compilation scheme of modules and thus
analyse each module one at a time (Puebla and Hermenegildo 1999b). Obviously,
the disadvantage of the first technique is that the analysis may have to be com-
pletely repeated whenever one of the modules changes. Moreover, the analysis
of large programs may lead to resource problems on its own. These disadvant-
ages are not present in the second compilation scheme. However, the analyses
in such a setting need to be adapted such that they can still perform well in the
absence of the complete source code of the program. Typically the complete lack
of information of the other modules is alleviated by using dedicated interface files
where intermediate analysis results of modules are stored for being used dur-
ing the analysis of modules that depend on them. Depending on the complexity
of the module structure of a program, more sophisticated analysis techniques
may be needed (Bueno, Garcia de la Banda, Hermenegildo, Marriott, Puebla, and
Stuckey 2001; Nethercote 2001).

1.6 Versions

Ideally, a predicate could be optimised for each specific call that can occur at run-
time. If a predicate can be called in n different ways, then this means that poten-
tially n optimised versions of the initial predicate code could be produced. While
this ensures that every call to every predicate is indeed optimised, the effect of
these optimisations may become negligible compared to the size of the obtained
compiled code. This means that in practice a trade-off needs to be found between
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the desired degree of program optimisation, and the code size that it may res-
ult in. A classic way of handling such situations is to generate a version for
each particular call of a predicate, and to trim down this set of variants in a later
step (Puebla and Hermenegildo 1999a; Vanhoof and Bruynooghe 1999; Leuschel,
Martens, and De Schreye 1998). Another classic approach is to use some heuristic
with which the analysis system can decide which versions are worthwhile, and
which are not. This problem becomes even more important in the presence of
modules, as in such a setting, the analysis system may not even know how some
of the the entities defined in it are called. In such cases, a pure heuristics-based
approach may be the only solution.

1.7 Mercury

Mercury is a modern logic programming language developed at the university of
Melbourne, Australia (Somogyi, Henderson, and Conway 1996). This language
was introduced with the intention to offer a pure declarative programming lan-
guage — an ideal setting for automatic program transformations, optimisations,
proof constructions, etc, while providing enough modern software engineering
facilities to support the development of large real-world software applications.
Moreover, an implementation of a Mercury compiler should guarantee the gener-
ation of reasonably fast and efficient programs. To meet these design objectives,
Mercury uses a strong mode- and type-system, based on mode-, type- and de-
terminism declarations that the programmer needs to provide for her/his code.
These declarations are not only an essential form of documentation of the code,
they also enable the compiler to perform a number of analyses that verify the
correctness of these declarations, thus spotting a considerable number of bugs
at compile-time. Moreover, these declarations enable the compiler to optimise
and specialise the predicates for each of its declared uses, hence producing more
efficient code. The support for programming in the large manifests itself by a
modern module system using the notions of interfaces and implementations to
distinguish public and private parts of a module.

The ongoing research around and within Mercury is still very active. This
is shown by its involvement (Dowd, Henderson, and Ross 2001) with the .NET
project (Microsoft ; Platt 2003). It also forms an interesting back-end for the con-
straint logic programming system HAL (Demoen, Garcia de la Banda, Harvey,
Marriott, and Stuckey 1999).

1.8 Goal

The goal of this thesis is to develop a complete compile-time garbage collection
system based on the work of (Mulkers 1991), yet covering every aspect needed
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for such a system as detailed above. The choice of Mercury as a target language
is natural:

e Mercury relies on a good run-time garbage collector, yet given the purity of
the language its memory demands remain high. The language provides the
notion of unique objects (Henderson, Conway, Somogyi, and Jeffery 1996),
but the use of these objects is limited due to a poor support for verifying
their correctness.

o Given the extra declarations, the results of liveness analysis can be expected
to be more precise than in its original setting, namely Prolog. This means
that we can expect more opportunities for memory reuse in the setting of a
compile-time garbage collection system implementing such a liveness ana-
lysis.

e The Mercury compiler available at this moment is mainly written in Mer-
cury itself. This allows for a high-level declarative implementation of the
CTGC system.

The choice of Mercury also brings its own challenges:

e Mercury is not Prolog. This means that the theoretical adaptation of the
initial liveness analysis, and underlying structure sharing analysis, is not
necessarily straightforward.

e Mercury programs are organised in modules, which is a challenge for pro-
gram analysis in general, and for liveness analysis and the reuses one de-
rives from it in particular.

e The CTGC system can be integrated into the Mercury compiler, yet should
not slow down the compilation of the modules to a too great extent. Hence,
the resulting CTGC system, to be usable in practice, must be fast and ef-
ficient, while remaining sufficiently precise to obtain the desired memory
behaviour improvement.

1.9 Overview of the Thesis

In this thesis we define a number of semantics for the logic programming lan-
guage Mercury, for which we use a denotational approach (Marriott, Sender-
gaard, and Jones 1994). We formally establish the equivalence between these
semantics which enables us to correctly relate analysis results to concrete run-
time properties that they are meant to approximate. We use these semantics to
formalise each of the different analysis steps that are needed in a basic CTGC
system. These analysis steps consist of a structure sharing analysis and liveness
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analysis, inspired by (Mulkers 1991) and adapted to Mercury, followed by a so
called reuse analysis, a new analysis designed to detect the actual memory reuses
within a program.

Mercury programs are organised into modules, hence we extend this basic
CTGC system such that it is able to correctly deal with a modular structure of the
user program. This mainly poses a problem for the reuse analysis step as reuse
can best be decided knowing the full calling context of the analysed predicates,
which is not the case when analysing modules separately. Nevertheless, we suc-
cessfully modularise the reuse analysis process.

At each stage of the formal development of the CTGC system we assess the
feasibility of this system by implementing stand-alone prototypes. The positive
results obtained with these systems motivate the development of a real CTGC
system embedded into an existing compiler. We implement such a system in
the Melbourne Mercury compiler. To the best of our knowledge, this is the first
and only complete CTGC system that has ever been built for a programming
language.

We now describe in some more detail the structure of the thesis.

After starting with some preliminary background in Chapter 2, we introduce
Mercury in Chapter 3 and give it a formal syntax in Chapter 4. Given the differ-
ences between Prolog and Mercury, we define a new basic semantics of Mercury
programs with which to express all the analyses required for our compile-time
garbage collection system. Starting from a natural semantics, we derive a goal-
independent based semantics using pre-annotations. The definition as well as the
proofs of equivalence, are the subject of Chapter 5.

Using these semantics, we define structure sharing analysis for Mercury in
Chapter 6. Chapter 7 describes the (near) syntactic properties of forward use and
backward use. These notions are a key aspect in the definition of live structures.
The reformulation of the liveness analysis is presented in Chapter 8. Chapter 9 in-
troduces the notions of structure reuse, direct reuse, indirect reuse, notions which
are indispensable in the characterisation of the memory reuse possibilities of a
program. In that same chapter we also present some preliminary results of a pro-
totype that estimates the potential of a CTGC system based on liveness analysis.

In Chapter 10 we introduce the notion of modules. While adapting the live-
ness analysis appears to be relatively easy, adapting the characterisations of the
reuse possibilities is much less straightforward, ultimately leading to the notion
of reuse information also called reuse condition which consists of a form of condi-
tion imposed on the calls of predicates to guarantee safe memory behaviour. We
adapt the first prototype. The results are also presented in Chapter 10. Given the
positive results obtained with this new prototype we move onwards, and imple-
ment a complete working CTGC system within the Melbourne Mercury compiler.
The practical aspects leading to this implementation are detailed in Chapter 11.
A number of benchmarks, ranging from small to medium-sized, are studied in
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Chapter 12.

Finally we describe a first tentative approach to address the problem of char-
acterising optimisations in such a way that more intelligent schemes can be found
for deciding which versions of a specific predicate are worthwhile to generate,
and which not. This is the subject of Chapter 13.

We conclude our work in Chapter 14, where we outline other yet not men-
tioned related research areas as well as interesting possibilities for future work
in this interesting field of compile-time garbage collection for logic programming
languages.



Chapter 2

Technical Background

In this chapter we give a brief overview of some technical background related to
logic programming and its semantics.

2.1 Sets, Partially Ordered Sets, Complete Lattices

Let S be a set, then p(S) is used in this thesis to denote the powerset of S. A
sequence over S is an ordered list of elements of S. Sequences are written as:
ai,...,ay. We use a as a shorthand notation for a particular yet unspecified se-
quence of elements a. The set of finite sequences over S is written S*.

We use N to denote the set of natural numbers.

A partial order defined for a set S is a binary relation, usually denoted using
a comparison symbol such as <, C or T, that is reflexive, anti-symmetric and
transitive. Thus, using <, Vx,y,z € S: x < x (reflexive), x < y Ay < xthenx =y
(anti-symmetric) and x < y Ay < z then x < z. A set S equipped with a partial
order relation, say <, is called a partially ordered set (sometimes abbreviated to
poset) and is usually denoted as (S, <). A poset (S, <) is called a chain if Vx, y € S,
either x < y or y < x. We say that (S, <) has a bottom element if there exists an
element, usually denoted by L, suchthat L € S,andVx € S: L < x. Dually, S
has a top elements, denoted by T,if T € Sand Vx € S : x < T. Note that finite
chains always have bottom and top elements.

Two posets (X, <x) and (Y, <y) may be related to each other by a function
mapping elements in X to elementsin Y. Amap ¢ : X — Y is said to be monotonic
if x; <x xp implies ¢(x1) <y ¢(x2). If Lx, Tx and Ly, Ty are the bottom and
top elements of X, resp. Y, then ¢ is called strict if ¢p(Lx) = Ly; it is called
co-strict if p(Tx) = Ty.

Introducing the least upper bound, also called the join operation, and greatest

13
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lower bound, also called the meet operation, we obtain the notions of lattices and
complete lattices. Using V to denote the least upper bound operation in (S, <),
then x vV y, with x, y € S, is defined as the least element of the set {s | x <'s,y < s}.
Dually, the meet of two elements in S, denoted as x A y is defined as the greatest
element of the set {s | s < x,s < y}. Both notions are extended to sets of elements.
Let S’ be a subset of S, then \/ S’ denotes the least upper bound of the elements in
S’, and A S’ denotes the greatest lower bound of these elements. A poset (S, <)
is called a lattice if Vx,y € S both x V y and x A y exist. The poset is called a
complete lattice if all subsets in S have a least upper bound as well as a greatest
lower bound. Complete lattices based on a poset (S, <) with least upper bound
V, greatest lower bound A, bottom element L and top element T are usually
denoted using the tuple (S, <,V, A, L, T). When C is the underlying ordering,
we usually write (S, C, U, N, L, T), and with C we use (S,C, L, M, L, T).

Let ¢ be a map from elements in a complete lattice (X, C,U,N, L, T) to ele-
ments in a complete lattice (Y,C, L, M, L, T), then ¢ is said to be continuous if
for all subsets D in X, we have: ¢(IJD) = U{¢(x) |x € D}. Usually, the latter
expression is abbreviated to () ¢(D). Complete lattices in which every ascending
chain is finite are called Noetherian. Such domains will be used in the definition
of our formal semantics of the Mercury language.

These notions will be essential when proving the well-definedness of the se-
mantics given for the Mercury language.

For more details we refer the reader to (Davey and Priestley 2002; Nielson,
Nielson, and Hankin 1999).

2.2 Logic Programming

We give a brief overview of the basic elements of logic programming. For more
details we refer the reader to (Lloyd 1987).

The basic alphabet of a logic program consists of a finite set of variables V, a
finite set of function symbols X and a finite set of predicate symbols 1. Function
and predicate symbols are associated with an arity, a natural number identifying
the number of arguments the function or predicate symbol has. Function symbols
with arity zero are called constants. We use the following notation:

e uppercase letters, e.g. X or Y, or capitalised words, e.g. First or Tail, are
used for elements from V,i.e., variables;

o f, g, h denote function symbols;
¢ p, q usually denote predicate symbols.

If the arity of the function or predicate symbol is of importance, we explicitly
write f/n or p/m to denote the function symbol f or predicate symbol p with
aritiesn,m € N.
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A term is a variable or a compound term f(t1,...,7,) where f/n € £ and
each argument 7; is a term. The set of terms is denoted by 7 (V,Z). A term is
usually denoted using the character 7, possibly sub- or superscripted. An atom
is a predicate symbol p/n € TT applied to a sequence of 1 terms. The predicate
symbol =/2 (usually written in infix notation) is treated in a special way and is
called an explicit unification. We use the notion of expression to refer to either a
term, an atom, or any composition of these elements.

A ground term is a term that does not contain any variables. A ground atom is an
atom not containing any variables. Let a be any syntactic object of the language,
then we use Vars(a) to denote the set of variables occurring in that object. If a is
known to contain at most one variable, then Var(a) is used to denote that variable.

2.3 Variable Substitutions

A substitution 0 is a finite mapping from distinct variables to terms: V — 7 (V, L).
As usual (Lloyd 1987), we represent substitutions as:

0= {Xl/Tl,...,Xn/Tn}

where each X; # 7;. Each element X;/7; is called a binding. 6 is called a ground
substitution if each of the terms 7;,1 < i < n is ground.

If E is an expression and 6 a substitution, then EB is the expression obtained
from E by simultaneously replacing each occurrence of a variable X; in E by the
term T;, where X;/7; € 0. EO is called an instance of E. We say that 6 is applied
to the expression E. If E6 is ground, then it is called a ground instance of E. We
then say that 8 grounds the expression E. These notions are generalised to sets of
expressions.

If 8 is the empty set, then it is called the identity substitution.

If E and F are expressions, then E and F are called variants if there exist sub-
stitutions 8 and o such that E = F8 and F = Eo. A renaming substitution for
an expression E is a variable pure substitution {Xj/Y1,...,X,/Y,} such that
{Yy,..., Yu b\ {Xq,..., Xu}) N Vars(E) = { }. Two expressions E and F are equi-
valent up to renaming, written E ~ F, if Ep = F for some renaming p. The equival-
ence class of E under ~ is denoted by [E]~. All the elements in [E]. are variants
of each other.

2.4 Existentially Quantified Term Equations

Usually, substitutions are used to represent the computed answers of a logic pro-
gram. In this thesis we choose the domain of constraints to express this informa-
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tion for the same reasons as Marriott, Sendergaard, and Jones (1994), namely for
the simplicity of expressing and ordering constraints.

Here, variable bindings generated by a logic program are seen as constraints
or so called existentially quantified term equations (Jaffar and Maher 1994; Marriott,
Sendergaard, and Jones 1994; Garcia de la Banda, Marriott, Stuckey, and Sender-
gaard 1998).

Definition 2.1 (Ex-equation) (Marriott, Sendergaard, and Jones 1994) An ex-equa-
tion is a possibly existentially quantified conjunction of basic equations Ty = T, where
T1, T, € T(V,L). The conjunction may be empty, in which case we denote it by true.
The set of ex-equations is called Eqn.

Definition 2.2 (Satisfiable, solvable ex-equation) An ex-equation is said to be sat-
isfiable or solvable in the algebraic sense of the word, i.e., if each variable appearing in
the equation can be given a value such that every constraint of the ex-equation is satisfied.

Definition 2.3 (Solved form) An ex-equation e is in solved form if it is satisfiable
and if each of the basic equations is of the form X =t where X € Vandt € T(V, ).

How to obtain the solved form of an ex-equation is irrelevant for this thesis.
We refer the reader to (Martelli and Montanari 1982) amongst others.
Let Eqn™ C Egn be the set of all satisfiable ex-equations in Eqn.

Example 2.1 The following are elements in Eqn:

X=Y X=f(Y)NZ=g(T)
Y. X = f(Y) true
X=1ANX=2 false

Only the first two rows contain satisfiable ex-equations. The last two constraints are not
in Eqn™.

Definition 2.4 (Ordering in Eqn, Eqn™) The elements of Eqn are ordered by the lo-
gical consequence operator =.

Two ex-equations e1,e; € Egn (or similarly in Eqn™) are called equivalent,
which is written as e; = e, iff e1 |= e and e |= e;. The equivalence class of
an ex-equation e under = is denoted by [e]=. Partitioning Eqn under this equival-
ence definition, we obtain a complete lattice with [true|= as the greatest element
and [false]=, the equivalence-class of unsatisfiable elements, as the smallest. Par-
titioning Eqn™ in the same way, we obtain that Eqn™ is a partially ordered set
with only a greatest element, namely [true]=, and no bottom element.

In this text we mainly deal with the equivalence classes of ex-equations, and
therefore we abbreviate our notation, and simply assume that when handling an
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ex-equation we are in fact handling the equivalence class that the ex-equation is
an element from. Hence, true will be used instead of [true]=, and in general e is
used instead of [e]=, Ve € Eqn or Ve € Eqn™.

Example 2.2 Lete; = (X =Y)and ey = (X = f(Z)\NY = f(Z)) then ey = e.
But also, false |= e |= true, Ve € Egn.

The relation between variable substitutions and ex-equations is given by the
notion of unifier:

Definition 2.5 (Unifier) A unifier of a constraint e € Eqn is a substitution 0 such that
true |= e6. The set of unifiers of a constraint e is denoted by unif (e).

Note that the identity substitution can also be a unifier for an ex-equation.

Example 2.3 Lete = (A = B), and

0, = {A/X,B/X}
6, = {A/f(T)B/f(T)}
03 = {A/3,B/3}

6, = {A/f(1),B/f(Y)}

Here 61, 0, and 03 are unifiers for e, while 0, is not. Indeed ey = (f(1) = f(Y)) is not
true in all models of true.

Definition 2.6 An ex-equation e is said to ground a variable X iff all unifiers of e are
ground substitutions for X.

Example 2.4 Consider the constraint e = (X = f(Y)ANY = 3), then unif(e) =
{{Y/3,X/f(3)}} which means that e grounds both X and Y.

Definition 2.7 (Ordering in o(Egn) and p(Eqn™)) The domain of sets of (equival-
ence classes of) equations, p(Eqn) resp. p(Eqn™), is ordered by the usual set ordering
C. It has a least upper bound U, greatest lower bound N, least element { } and greatest
element Eqn, resp. Eqn™.

In the remainder of this thesis we shall only use p(Egqn™) as our domain of ex-
pressing variable bindings in the user program. This is not a restriction. Indeed,
while all unsatisfiable constraints obtained in p(Egn) are kept in the equivalence
class represented by false, in p(Eqn™) such elements are simply discarded. This
simplifies most of the operations that we will define on p(Eqn™) and also re-
moves the possibly confusing equivalence of { } and {false} in p(Eqn).

Note that both p(Egqn) and p(Eqn™) are complete lattices. Their ordering is
only related to the ordering in Eqn, resp. Eqn™ by the equivalence relation that
the latter ordering implies.
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We introduce two operations: projection and renaming. The purpose of pro-
jecting an equation e onto a set of variables V is to obtain a new equation ¢’ such
that Vars(e’) C V and e |= ¢’. Throughout this thesis we use the notation ()|, to
project the information represented by the object a onto the set of variables V. Of
course, the exact definition will be different for each type of object a. The goal of
renaming an equation e is to replace each occurrence of a variable in that equation
by another variable. Renamings are usually denoted by ps, s, (2) where a is any
object of interest, and 51,5, € V*.

The specific definitions of projection and renaming for ex-equations and sets
of ex-equations are given below.

Definition 2.8 (Projection) Let e be an ex-equation in general (thus in Eqn) then pro-
jecting e on a set of variables V is defined as:

(e)ly = Jy.e

where T is the existential quantification w.r.t. the complement of the variables V, i.e.,
V \ V. For E € p(Eqn), the projection is defined as:

(E)ly ={3v-ele € E}

Let S be some syntactic construct within our language, e.g. an atom or term,
then (E)|g is used as a shorthand notation for (E)|yp(s)-

Example 2.5 Let E = {X = f(Y) AY = Z}. The projection onto the variables {X, Z}
is (E)lyx,z)y = {IY.X = f(Y) NY = Z} which is equivalent to {X = f(Z)}.

Definition 2.9 (Ex-equation Renaming) Lete = (Ty = T{ A...AT, =T},) € Eqn,

then renaming e with respect to a mapping between a sequence of variables Xy, ..., Xy

and a sequence of variables Y1, ..., Yy, with ({Y1,..., Yo} \{X1,..., Xn}) N Vars(E) =
{'}, is defined as:

px_y (€)= (TIO=T{OA...AT,0 = T,6)
where O is the renaming substitution {X1/Y1,Xo/Y2,..., Xn/Yn},1 <i < n.
The definition is extended to elements of p(Eqn) in a natural way. Let ES € p(Eqn™):
Pvv; (E) = {py;_y; (e) |e € ES}

1

By abuse of notation, we sometimes use renamings in the context of sets of
variables instead of explicit sequences. In that case we assume that the ordering
of the elements of these sets and the mapping is naturally implied by the context.
For example, if 71 and 1, represent two terms with variable arguments, then the
variables of the terms in the renaming py;ys(r,)—vars(r,) (E) are simply ordered by
their position in the terms. We even abbreviate such a renaming to pr, .+, (E).
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Example 2.6 Let E = {X = f(Y)AY = Z,X = ¢(3) AY = Z}, let Sy be the
sequence X,Y,Z and Sy the sequence: U, V, W, then ps, s, (E) = {U = f(V) A
V=WU=gB) AV =W} Lty = h(X,Y,Z), and 7, = h(U,V,W), then
P -1y (E) = PS;—5, (E)
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Chapter 3

Mercury

Mercury is a pure functional logic programming language conceived and de-
veloped at the University of Melbourne, Australia. It was introduced in 1993 with
the intention to offer a pure logic (functional) programming language, carefully
avoiding the typical pitfalls of the common logic languages (e.g. Prolog (Sterling
and Shapiro 1986)) which are their bad run-time performance, and poor support
for programming in the large. Mercury was therefore developed with the following
clear characteristics in mind:

e Mercury should be a pure declarative language. Typically Prolog uses non-
pure language constructs such as assert, retract, or others. These constructs
allow a local performance gain, but inflict an extra burden on the program-
mer as she/he is now expected to take into account low-level performance
criteria instead of purely focusing on the high-level program design aspects
of his project.

e Mercury should provide explicit support for developing programs in the
context of a team of programmers. The now widely accepted technique is
the use of modules. These modules provide clear interfaces and hide all
implementation details. Modules are usually compiled separately.

o Unlike most Prolog systems which merely check the syntax of the programs
and which only give sparse and obscure error messages, a Mercury com-
piler should (try to) deliver strong error messages, hence the programs should
contain sufficient redundant information that can be verified and checked
by a compiler.

e And finally, Mercury programs should be compiled to fast and efficient pro-
grams. Their performance should at least be as efficient as comparable pro-
grams in comparable languages, but should in preference be better.

21
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The result is a highly competitive pure functional logic programming lan-
guage with support for a number of modern software engineering concepts such
as modules, type classes, higher order logic, and which, thanks to program de-
clarations, enables remarkable performance. We give a brief summary of the main
elements of the Mercury programming language. We refer the reader to (Hende-
rson, Conway, Somogyi, and Jeffery 1996) for a full presentation of the language.

The formal notations introduced in this section are inspired by the presenta-
tion of Mercury given in (Vanhoof 2001).

3.1 Predicate Clauses

Predicate clauses in Mercury are similar to Prolog clauses. Each clause consists
of a head atom and a body. A body is simply a goal. A goal can either be a
conjunction of goals, a disjunction of goals, an if-then-else construct, a negated
goal, or simply a literal. A literal is either an explicit unification or an atom. If
the goal is an empty conjunction (which is a goal that always succeeds), then the
clause is called a fact.

Mercury has a functional flavour in the sense that programmers are allowed
to declare and use functions instead of predicates.

Example 3.1 The clauses for a predicate defining the concatenation of two lists are:

append([ 1, Y, Y).
append ([Xe|Xs], Y, [Xe|Zs]): — append(Xs, Y, Zs).

In Prolog, the clauses would be the same.
Example 3.2 Adding two boolean values can be defined by a function add/2 described by
the following two clauses:

add(true , true) = true.
add(false , _) false .
add(_, false) false.

In the remainder of this thesis we do not distinguish functions from predicates
as the former can always be transformed into the latter by augmenting the arity
of the function by one, and using the new argument to represent the result of the
original function.

Example 3.3 The add/2 function defined in the previous example can be rewritten as a
predicate defined by the following facts:

add(true , true, true).
add(false , _, false).
add(_, false, false).
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A full Mercury program is required to declare and implement a predicate
main/2. This is the entry point to the program. After compilation, the execution of
the program always starts at this entry point. This is similar to the main-function
that needs to be implemented in C-programs (Kernighan and Ritchie 1978).

3.2 Type Declarations

Mercury is a strongly typed language. Its type system is based on a polymorphic
many-sorted logic, inspired by the Hindley-Milner (Hindley 1969; Milner 1978)
type system of ML (Milner, Tofte, and Macqueen 1997).

The type system consists of type declarations defining the types introduced by
the programmer, and type declarations of the predicates and functions defining
the types of the arguments used in the predicates and functions.

Basically each type is declared as a discriminated union, i.e., a set of function
symbols and the types of their arguments. A type can also be declared as equival-
ent to another type, yet we see this as syntactic sugar that allows the programmer
not to repeat a type definition.

Example 3.4 The following declarations are valid type declarations in Mercury:

:— type boolean ——> true; false.
i— type list(T) —— [1; [T]list(T)].
:— type intlist == list(int).

The types boolean and list(T) are defined as discriminated union types. Type intlist
represents lists of integers, and is defined as being equivalent to the list-type, where the
type-variable is initialised with the (built-in) type int (representing integers).

Formally, let £7 denote the set of type constructors. Each type constructor is
associated with a natural number called the arity of the type constructor. Let
V7 denote the set of type variables. The set of types is then represented by
7 (Z7,V7). In a formal setting, type constructors are written in a sans serif font,
e.g., t, and with its explicit arity t/n. In examples of real source code, no special
font is used. A type containing variables is said to be polymorphic, otherwise it is
called monomorphic. A type substitution is a substitution mapping type variables
to types. Applying a type substitution to a polymorphic type results in a new
type, called an instance of the original type. We say that a type t; /n € Ly matches
with a type to/n € L7 if t; /n is an instance of ty /n. Overloading the substitution
notation we may write this as: t; = tp07, where 67 is a type substitution.

Example 3.5 In the type declarations in Example 3.4, we have
{boolean/0, list/1, intlist/0,int/0} C L1

and T € Vg. All the types are monomorphic, except list(T). The type list(int) is an
instance of list(T), with type substitution {T /int}.
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Definition 3.1 (Type Declaration) A type declaration associated with a type con-
structor h/n € L is a definition of the form

h(T1,...,Tn) = c1(t1); .- cm(Tm)-

where {T1,..., Ty} C V7, ci/k € Z for 1 < i < m, with tj a sequence of types from
T (X7, V7). Also U{Vars(c;(t;)) |1 <i <m} C{Ty,..., Tu}. The function symbols
€1, ..., Cm are said to be associated with the type constructor h/n.

In actual programs, we use the symbol ———> instead of — in type declara-
tions. The latter is only used in formal settings.

In theory, every type can be defined by a type declaration. In practice, Mer-
cury provides a number of built-in types. These types are int, float, char and
string, representing resp. the set of integers, floating point numbers, characters
and strings. Given the importance of the memory-representation of terms in this
thesis, but also given the fact that this representation is strongly implementation
dependent we present these low-level issues in a separate section (Section 3.8).

Beside the type declaration defining individual types, Mercury requires each
exported! predicate or function to be accompanied with a definition of the types
of the arguments it uses. The compiler should be able to some extent to infer
this information automatically for the other predicates. Yet, the programmer is
strongly encouraged to provide all the extra redundant information. This enables
a compiler to verify this extra information and compare it with the inferred in-
formation (hence verifying the intended correctness). Moreover, from a software
engineering point of view this consists of valuable documentation.

Example 3.6 The following are valid predicate/function type declarations in Mercury:

:— pred append(list(T), list(T), list(T)).
:— func and(boolean, boolean) = boolean.

The first line declares that the program provides a predicate named append with arity
3, and of which all arquments are of the polymorphic type list(T). The second line declares
the types of the function and/2: it takes two boolean arguments, and yields a boolean
result.

Using the type declarations, and predicate/function type declarations, the
Mercury compiler is capable of inferring the exact type for each variable oc-
curring in the program. In the same time Mercury compilers are supposed to
verify whether the program is well typed or Hindley/Milner type correct (Mycroft
and O’Keefe 1984; Pfenning 1992). Programs that are not type correct must be
rejected.

1exportecl w.r.t. a module, see Section 3.5.
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Example 3.7 Type correct programs that contain calls to append as declared in Ex-
ample 3.6 guarantee that each of these calls is done with types matching the declared
type. Therefore calling append with all three arguments being list(int) is perfectly legal.
Note that calling append with mixed arguments, say list(int) and list(boolean) is not
legal.

Mercury also supports type classes based on the type classes used in the lazy
functional programming language Haskell (Hudak et al. 1992). A type class
provides a set of names and signatures of class operations. A type can be made
an instance of a type class by explicitly instantiating each of the declared opera-
tions of that type class with a specific implementation that can be used for that
type. The use of type classes in a program enables the programmer to define pre-
dicates that are not only parametrised w.r.t. the types of the terms that they act
on (which can be achieved through the usual polymorphism of the language) but
also w.r.t. operations defined on these types. As such, type classes introduce a
form of higher-order programming. Given the fact that our analyses are mainly
oriented towards first-order logic, we do not sketch any further details about type
classes and their use in Mercury.

3.3 Mode Declarations

The mode information of a predicate (or function) describes the mapping from
the initial instantiation of the arguments of the predicate (or function) to their fi-
nal instantiation. Instantiation states are described using type information. View-
ing each type as a regular tree with or-nodes representing types and and-nodes
representing type constructors, an instantiation state of a procedure argument
describes the instantiation of each of the or-nodes of its type. Mercury uses two
base cases of instantiation states, namely free — the argument is a free variable,
and bound to a specific constructor — the argument is bound to a term with that
specific constructor. These two cases can be combined to express more refined
instantiation states, like for example:

:— inst listskel == bound( []; [free | listskel] ).

An argument with this instantiation is either bound to the constant [], or to a
term with outermost functor [|], its first argument free, and its second argument
also corresponding to the listskel instantiation state. As a shorthand notation
Mercury provides the instantiation state ground which describes argument being
bound to fully ground terms. Of course, the exact instantiation state depends on
the type of the argument to which it applies.

Instantiation states are used to describe modes. A mode is a mapping from
an initial instantiation state to a final instantiation state. Mercury provides two
standard modes, in and out, which are defined by the rules:
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:— mode in == ground >> ground.
:— mode out == free >> ground.

If a procedure argument has mode in, then this means that when the procedure
is called, that particular argument will be bound to a ground term and remains
bound to a ground term upon exit from the procedure call. If an argument has
mode out then the argument will be a free variable when entering the procedure,
yet it will become fully instantiated when leaving the procedure call. Of course,
the user is free to define more complicated modes.

Using these modes, the programmer can document her/his predicates and
functions with mode declarations. These declarations define a valid combination of
modes for the arguments of the predicate. In logic programs it is common to use
the same predicate in different ways, which in Mercury becomes explicit through
the definition of multiple mode declarations for that same predicate. Note that
like for predicate declarations, mode declarations are mandatory for exported
predicates and functions, and only recommended otherwise.

Mercury is a strictly moded language. This means that it does not allow the
use of partially instantiated structures unless of course it corresponds to the instan-
tiation state with which it was declared.

Example 3.8 illustrates the syntax of these mode declarations.

Example 3.8 As a complement to the predicate and function type declarations of Ex-
ample 3.6 the programmer may provide the following mode declarations:

:— mode append(in ,in ,out).
:— mode append(out,out,in).
:— mode add(in,in) = out.

This declares two modes for append/3. The first mode states that append changes the
instantiation state of the third arqument to ground (mode out) if it is called with its two
first arquments ground (mode in). The second mode states that append can also be used if
only the third arqument is ground at call time. Upon success, the two first arguments will
be bound to a ground term. The mode declaration for add/2 can be interpreted similarly.

In the previous example, two mode declarations were given for the same pre-
dicate. Although it defines two uses of the append predicate, the programmer
need only write the implementation of append once. It is up to the compiler to
generate the two versions for the two uses of this predicate (if of course these
versions differ).

In general, each mode of a predicate may require a different compiled version
of that predicate. For this purpose, the notion of a procedure is used.

Definition 3.2 (Procedure) The set of clauses defining a predicate and a specific mode
declaration for that predicate is called a procedure.
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As argued above and as will be illustrated further on, each procedure may
be compiled to a separate version of the initial predicate definition it stems from.
The specific version implementing the actual procedure is called the procedure
definition.

In the further text we implicitly assume that every procedure has its own
definition, and therefore we use the terms procedure and procedure definition in-
terchangeably. Literals within a procedure definition that are not calls to built-in
operations are called procedure calls.

3.3.1 Specialised Unifications

As the instantiation state of a variable in a procedure can perfectly be determined
using the present mode information, each unification can be specialised in either
a construction — X <=f(Y1,...,Yn), a term f(Y1,...,Yn) is built and assigned to the
variable X, a deconstruction — X =>f(Y1,...,Yn), the term to which variable X is
bound is decomposed, a test — X ==Y, the terms pointed at by the variables X
and Y are compared w.r.t. syntactic equality, and finally an assignment — X := Y,
variable Xis bound to the term pointed at by variable Y.
The details of these four different unifications are given in Section 4.2.3.

3.3.2 Selection Strategy

Mercury is a strictly moded language where each literal may only be called with
arguments having the instantiation states as given by the mode declarations. This
automatically imposes a selection strategy for the language as a literal can only
be called if its arguments are sufficiently instantiated. If the run-time system has
the choice of evaluating one literal or another, then it has to select the literal that
appears first in the sequence of literals defining that procedure. This strategy is
usually called the left-to-right selection strateqy and is one of the most common
strategies used in logic programming in general.

Given the fact that mode information is available during the compilation of a
procedure (either because it was provided by the user, or inferred by a separate
mode inference engine), the compiler can perfectly determine the order of execu-
tion of the literals in each of the procedures of the user program and can therefore
rearrange the literals of a procedure definition accordingly.

Example 3.9 shows how the general definition of append/3 can be specialised
for the two modes given in Example 3.8.

Example 3.9 Consider the predicate and mode declaration for append, as well as its
general definition:

:— pred append(list(T),list(T),list(T)).
:— mode append(in ,in ,out).
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:— mode append(out ,out,in).
append ([],Y,Y).
append ([Xe|Xs],Y,[Xe|Zs]): — append(Xs,Y,Zs).

For each mode declaration, a Mercury compiler will produce a separate procedure
with its own definition. Assuming the left-to-right selection strategy, theses procedure
definitions may look as follows:

o Version for the mode (in, in, out)

append(X,Y,Z):—

(
X=>1[1,2Z2:=Y

, X => [Xe|Xs], append(Xs,Y,Zs), Z <= [Xe|Zs]
).

o Version for the mode (out, out, in)

append(X,Y,Z): —

(
X<=1[1,Y:= 2,

Z => [Xel|Zs], append(Xs,Y,Zs), X <= [Xe|Xs]
).

The first version differs from the second version mainly by the ordering of the literals
appearing in the second branch of the disjunction.

Note that here we have introduced explicit disjunctions instead of producing two sep-
arate clauses per predicate and that all general unifications are replaced by their special-
ised forms.

In the remainder of the thesis we assume that each of the procedures is well
moded w.r.t. the left-to-right selection strategy. Well modedness is defined as fol-
lows:

Definition 3.3 (Well modedness) A procedure call is said to be well moded if, at the
time the procedure is called, the arguments have the correct instantiation w.r.t. the modes
declared or inferred for that procedure.

A compiler may thus have to rearrange the individual literals within a proced-
ure definition in order to achieve well modedness. If the compiler can not find an
adequate rearrangement that does not violate the modes of the called procedures,
then the compiler must reject that procedure, hence also the program. A program
is considered well moded if all the procedure calls within it are well moded.
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3.3.3 Unique modes.

In Mercury it is also possible to add uniqueness information to the usual changes
of instantiation captured by the basic in and out modes. It provides the addi-
tional built-in instantiation states unique and dead. An argument of a literal is
said to be unique if the term to which it is bound is ground and if that argument
is the only reference to that specific term. The instantiation dead means that there
are no references to the value an argument pointed to in which case the compiler
is free to generate code reusing that value. The main modes defined on these
uniqueness instantiation states are di — destructive input — and uo — unique out-
put:

:— mode di == unique >> dead.
:— mode uo == free >> unique.

The arguments declared as di of a procedure call must guarantee that they
have a unique reference to the term they are bound to and that these arguments
will not be used after that procedure call, hence, that unique reference becomes
a dead pointer. Arguments declared as uo are free arguments when entering a
procedure call, and are guaranteed to be bound to a ground term to which they
have a unique reference.

The use of these modes is not popular given the fact that it adds a clear low-
level aspect to the programming task whereas the programmer is encouraged to
mainly focus on high-level abstractions made possible within the declarative pro-
gramming paradigm. Also, the task of verifying the correctness of these modes is
cumbersome, which means that, at the current state of the compiler, the analysis
for verifying the use and propagation of unique modes remains rather conser-
vative: it can only prove correctness of the use of these modes in the simplest
cases.

Given the mentioned difficulties, unique modes are mainly used for giving
a declarative meaning to input/output operations (which operate on a unique
state of the world) or for performance critical data structures such as arrays.
Such operations and data structures are mainly defined in the standard library
of the language and are usually implemented in a foreign language such as C.
In such cases, these unique mode declarations become valuable information for
the compile-time garbage collection system developed in this thesis as this sys-
tem is unable to verify code written in a foreign language. Note that even the
unique modes analyser within the compiler itself does not analyse foreign code
and therefore assumes that the annotations are correct. See also Section 11.2.
Moreover, the direct use of these modes in user-programs (hence direct memory
management by the programmer) becomes to some extent obsolete in the pres-
ence of the compile-time garbage collection system that is developed in this thesis.

The definition of the Mercury language allows the possibility of defining more
elaborate uniqueness states and modes as given by this overview such as poly-
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Can fail | Number of solutions | Determinism
yes 0 failure
no 0 erroneous
yes 1 semidet
no 1 det
yes >1 nondet
no >1 multi

Table 3.1: Mercury determinism information. The first column describes whether
it can fail or not. The second column determines the number of solutions the
procedure may have.

morphic modes or mostly unique modes, yet these modes are not of great im-
portance in this thesis.

3.4 Determinism Declarations

Besides type and mode information, each procedure can also be given determ-
inism information. This information describes whether the procedure can fail or
succeed. If it can succeed, then it also describes the number of solutions that can
be found. This information can be provided by the programmer (mandatory for
exported predicates) or inferred by the compiler. The determinacy of a procedure
is declared together with its mode information.

Table 3.1 lists the determinacy options provided in Mercury. The most im-
portant determinism characterisations are semidet , det , nondet and multi
The descriptions failure ~ and erroneous are used rarely and should be seen
as exceptional.

The determinacy of a procedure is declared together with its mode informa-
tion as illustrated in Example 3.10.

Example 3.10 Completing the mode declarations from Example 3.8 with determinism
information, we have:

:— mode append(in ,in ,out) is det.
:— mode append(out,out,in) is multi .
:— mode add(in,in) = out is det .

The first line not only describes a mode for append, but also declares that when append
is called with its two first arguments ground lists, and last arqument a free variable, then
the procedure is deterministic: exactly one solution is produced, it can not fail. The second
mode of append is declared as multi : it can produce multiple solutions, yet it can not
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fail either. Determinism information can also be given for functions, although, if omitted,
the Mercury language assumes them to be deterministic.

Mercury also allows committed choice non-determinism where the compiler is
informed about the fact that a procedure may in general have multiple solutions,
yet where the caller of that procedure may be interested in exactly one of its solu-
tions without minding which one exactly. These forms of determinism are vari-
ations on the usual ones, hence, without loss in generality, we do not consider
these annotations in this thesis.

3.5 Modules

Mercury programs are divided into modules. Each module consists of an interface
section and an implementation section. Types, modes, predicates, functions that
are declared in the interface of a module are made visible to those modules that
import this module. The entities declared in the interface section of a module are
said to be exported: exported predicates, exported types, etc. Everything that is de-
clared in the implementation section of a module is visible only within that mod-
ule. These entities are hidden. Predicate and function clauses are only allowed in
the implementation section.

It is possible to declare the name of a type in the interface section while the
full declaration is only given in the implementation. Such types are called abstract
types.

When a module wants to use the exported entities of another module, the
former needs to import the latter. This is done by the import_module  directive.

Example 3.11 The use of modules is illustrated by the program code shown in Figure 3.1
defining the module app that imports the (built-in) module list —a module that defines
all list-related types and predicates.

3.6 Higher-Order Language Features

Mercury supports higher order programming. A higher order term can for ex-
ample be constructed as follows:

Prepend = pred(l::in, O::out) is det :— append(LL,I,0O)

This unification constructs a deterministic closure with arguments | and O
having mode in resp. out , and binds it to the variable Prepend . The variable
LL is a variable that needs to appear in the same scope as the higher order term.

Closures are invoked with the call/N predicate where Nis a variable number
of arguments corresponding to the arity of the closure. Using the above example
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:— module app.

% Interface—section .
:— interface.

% Imported modules .

%  Module " list” defines the
%  type "1list(T)” and the

%  predicate "append/3".

:— import_module list.

% Declaration of the abstract
% type "thing ’.
:— type thing.

% Procedure declarations .

:— pred thingy(int, thing).

:— mode thingy (in, out) is det.

:— mode thingy (out, in) is det.

:— pred concat(list(thing), list(thing),
list (thing)).

:— mode concat(in, in, out) is det.

% Implementation section .
:— implementation.

:— type thing ——> number(int).

thingy (N, number(N)).
concat(L1l, L2, L3):— append(L1, L2, L3).

Figure 3.1: A module app.

we could write call (Prepend,[4,2],0utput). With LL bound to list [3,4], upon com-
pleting this call, Output will be bound to the list [3,4,4,2].

A special form of higher-order programming is the possibility of defining and
using so called type classes. Type classes were first introduced in the context of
Haskell (Wadler and Blott 1989; Hall, Hammond, Jones, and Wadler 1996). Given
their elegance and the expressive power they allow, the Mercury community
quickly adapted this language construct to the context of Mercury (Jeffery 2002;
Jeffery, Henderson, and Somogyi 1998).

Neither higher-order programming, nor the specialised form of type classes
are explicitly dealt with in this work.
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3.7 Special Features

The Mercury language provides some additional features such as the use of ex-
istentially quantified types, predicates and functions, interfaces with foreign lan-
guages (C, Java, .NET), and many syntactic sugar bits. As these aspects are not
specifically dealt with in this thesis, we omit any further description here and
refer the reader to the Reference Manual for further details (Henderson, Conway,
Somogyi, and Jeffery 1996).

3.8 The Melbourne Mercury Compiler

As of now, there exists only one compiler and run-time system for the Mercury
programming language, namely the Melbourne Mercury Compiler (MMC). Re-
cently, this compiler has gained extra interest as it is also involved in the .NET
project (Microsoft ; Platt 2003) where a common playground is created for allow-
ing the easy interaction of programs or, on a finer level, modules and procedures,
written in different programming languages.

3.8.1 Compilation Scheme

The structure of the MMC is detailed in (Conway, Henderson, and Somogyi 1995).
Here we give a brief overview of some of the aspects of the compilation process
that are relevant for our analyses.

The Melbourne Mercury compiler processes Mercury programs one module
at a time. During the compilation of a single module, the compiler builds two
intermediate internal representations of the code defined in it:

1. A high level representation of the source code, called the High Level Data
Structure, or in short: HLDS. In this representation the source code is an-
notated with all relevant extra information. It also contains the information
declared in the interface sections of the imported modules;

2. The second representation is called the Low Level Data Structure, in short
LLDS, and represents the source code in terms of low level instructions that
can almost directly be mapped onto statements in the back-end language of
choice (in most cases these are statements in C).

A normal compilation process of a MMC-Mercury module roughly follows
the following scheme:

1. First the source code is parsed, and stored in the HLDS.

2. Semantic analyses, error checking and high-level transformations use that
HLDS as input, and update this structure.
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3. Next, the code generation pass transforms the high level source code in-
formation recorded in the HLDS into the low level representation of the
LLDS.

4. The LLDS can undergo a number of low-level optimisation passes and fi-
nally, the target code is produced.

The Melbourne Mercury compiler can produce target code of different types,
called different back-ends. The most popular back-ends are low-level C code (close
to assembler) (Somogyi, Henderson, and Conway 1996), high-level C code (Hende-
rson and Somogyi 2002), or nowadays also .NET (Dowd, Henderson, and Ross
2001).

The analyses that we describe in this thesis are all analyses that fit into the
second step of the described compilation process. This allows us to still manipu-
late (almost) source code, yet the code is already checked and transformed to suit
our needs:

o For each mode declared for a predicate, a separate procedure is generated;

o The procedures are already verified w.r.t. mode, type and determinism in-
formation. As a consequence of the mode verification, the compiler may
have reordered the goals within a procedure in such a way that all variables
always get instantiated before they are used;

o All unifications are specialised into either constructions, deconstructions,
tests or assignments;

e Every goal and literal is explicitly annotated with mode and determinism
information, and also the type of every involved variable can easily be quer-
ied.

The purpose of our analysis-system is to annotate the code with low-level in-
structions that reuse data that has become available for reuse. This means that the
order between the literals producing the available data, and the literals reusing
that data need to be guaranteed. Hence, we must ensure that our analysis system
is not followed by any compiler pass that can possibly reorder the literals within
a procedure definition.

3.8.2 Interface Files

As already sketched above, the Melbourne Mercury compiler compiles each mod-
ule of a program one at a time. Yet, during the compilation of one module, the
compiler also needs some part of the information present in the modules impor-
ted by that module such as the procedure declarations of the exported proced-
ures to verify the mode-, type- and determinism-correctness of the module being
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compiled. To avoid the need of fully loading the code of the imported modules,
the Melbourne Mercury compiler makes use of interface files. The interface file
of a module records all the information about that module that is necessary for
the correct compilation of the modules importing that module. Such an interface
file mainly contains the type, mode and procedure declarations of the exported
entities.

Additional interface files are used for extra analysis information. For example,
the Mercury compiler is able to do some termination checking (Speirs, Somogyi,
and Sendergaard 1997). For this purpose, the results of analysing a module are
recorded in an optimisation interface file. When analysing other modules, the ter-
mination results of already analysed modules can therefore simply be accessed
by looking at these files.

For our analyses we also make use of optimisation interface files for recording
the analysis results of the modules.

3.8.3 Term Representation

The purpose of the CTGC system is to identify which objects on the heap, so
called data structures, become unused at a certain moment during the execution
of a program. In order to understand what these objects are, we clarify the way
typed terms are usually represented in the Melbourne Mercury Compiler. Note
that the Melbourne Mercury Compiler compiles to different back-ends, the most
common being ANSI-C. Higher-level back-ends, such as Java or .NET, use differ-
ent low level representations, yet the basic concepts remain the same.
Consider the following types:

:— type dir ——> north ; south ; east ; west.
:— type example ——> a(int, dir) ; b(example).

Terms of primitive types such as integers, chars, floats (or pointers to floats,
depending on the word-size of the underlying machine) and pointers to strings
are represented as single machine words. Terms of types such as dir, in which
every alternative is a constant, are represented in the same way as enumerated
types in other languages. Mercury represents them as consecutive integers start-
ing from zero, and stores them in a single machine word. Terms of types such as
example are stored on the heap. Unlike in usual logic program implementations,
the function symbols of the stored terms are not explicitly recorded together with
these stored terms, and tags can be used instead. Indeed, as Mercury is a strictly
typed language, all types are known to the compiler. This allows the use of simple
tags to identify the functors of terms of a given type (Somogyi, Henderson, and
Conway 1996; Dowd, Somogyi, Henderson, Conway, and Jeffery 1999). These
tags are stored in the two lowest-order bits of the memory word in which the
pointer to the term is stored. The result is a space aware and more importantly
time efficient implementation.
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Figure 3.2: A = b(a(3,east)).

For those types which have more functors than a simple tag, also called primary
tag can distinguish, a secondary tag is used. In some cases, no extra memory
word is required to store the secondary tag (using one of the non-lowest-order
bits of the memory word), yet in general, secondary tags are recorded as extra
words in the memory block representing the stored term.

As the exact use of primary or secondary tag is irrelevant for the theory of the
present exposition, we assume that all terms can be represented using primary
tags only.

Figure 3.2 shows the representation of a variable Abound to a term b(a(3,east))
of type example defined above. In the following figures, hal, hyl,...denote heap
cells, whereas sa, sx,...are registers or stack locations.

3.8.4 Run-Time Garbage Collector

Consider the definition of a procedure convert(A,B) that converts terms of type
example to new terms of that type as given by the code in Figure 3.3

% : — pred convert(example, example).
% : — mode convert(in, out) is semidet.
convert(X,Y): — X => b(X1),

X1 => a(Al, ),

Y1 <= a(Al, north),

Y <= b(Y1).

Figure 3.3: Conversion-procedure.

Figure 3.4 shows the memory layout when calling convert(A,B) where A is
bound to the term b(a(3,east)) as depicted in Figure 3.2.

After deconstructing the input, the run-time system allocates a new block of
heap cells (hyl-hy3) to create the output term bound to Y where the content of
Xis partially copied to those cells. If the original term stored in the heap cells
hal-ha3 is not accessed anymore during the remainder of the execution of the
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X1 sx1 3 ha2

2 ha3

Figure 3.4: Memory layout when executing convert(A,B) with A bound to
b(a(3,east)) without structure reuse.

program, then these cells are considered garbage. Currently, it is up to the run-
time system and its run-time garbage collector, to detect and collect such garbage
cells.

The MMC mainly relies on Hans Boehm’s conservative garbage collector for
C (Boehm and Weiser 1988). Essentially, this collector halts the execution of the
program, traces the live objects on the heap, marks them, and examines and col-
lects the potentially dead objects. This means that the time between the moment
that the heap cells hal-ha3 become dead, and the moment that they are detected
as dead, can be fairly large. In the presence of a compile-time garbage collec-
tion system, which is the aim of our work, we could rely on program analysis
to determine that a particular call to convert leaves dead heap cells. In this ex-
ample, if we can show at compile-time that after the particular procedure call of
convert(A,B), the term pointed at by X will not be referenced during the rest of
the program (thus becoming available for reuse), then the deconstruction state-
ments perform the last access ever to the concerned heap cells (hal, ha2, ha3)
after which they become garbage. The compiler can then decide to reuse these
heap cells for creating Y, in which case the time between heap cells becoming
garbage and that garbage being reused for new objects can be greatly reduced.
This desired situation is depicted in Figure 3.5.

3.9 Conclusion

In this chapter we presented the essential elements of the Mercury programming
language, the language for which the analyses developed in this thesis are de-
veloped. As these analyses are also implemented into the Melbourne Mercury
compilers, some details about the structure and run-time system of that specific
compiler are presented.
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Figure 3.5: Memory layout when executing convert(A,B) with A bound to
b(a(3,east)) with structure reuse.



Chapter 4

Core Mercury Syntax

We introduce a first-order subset of Mercury. This is the target language for the
next chapters. Therefore, unless explicitly stated otherwise, Core Mercury pro-
grams are simply referred to as Mercury programs. When needed, actual Mer-
cury programs — i.e., conforming to the language definition of (Somogyi, Hende-
rson, and Conway 1996) — are called plain Mercury programs.

4.1 Language Definition

We restrict our language to first-order non-modular programs.

The formal syntax that we define for Mercury programs differs in a number of
ways from the actual syntax of these programs in the sense that we assume that a
number of semantics-preserving transformations have been done on the original
code, hence obtaining programs conforming to our stricter syntax-rules.

These are the assumed transformations:

o All functions and function calls are replaced by predicates and predicate
calls respectively. This is a natural transformation as already mentioned in
Section 3.1.

o Each predicate definition is replaced by a set of procedure definitions, one
procedure for each mode declared for that predicate.

e Each procedure is defined by exactly one procedure clause. As Mercury
allows the use of explicit disjunctions, this effect can simply be achieved
by replacing the arguments of the head of each of the procedure clauses
by a same set of variables, possibly adding explicit unifications between
these fresh variables and the original arguments, and finally, putting each

39
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clause as a different branch of an explicit disjunction. This disjunction then
becomes the procedure code.

o All programs are correct with respect to the declared types, modes, and de-
terminisms. This implies that the literals in procedures may be rearranged
w.r.t. the initial predicate definition.

o Every unification is specialised in one of its four forms (c.f. Section 4.2.3).

e And finally, all programs should be normalised in the sense that all argu-
ments of the terms and atoms! appearing in our Mercury programs should
be distinct variables.

These assumptions lead us to the formal syntax of the Mercury language as
depicted in Figure 4.1. Note that procedures are formally written as 1 «— g, but
in concrete examples we continue to use :- to separate the head from the goal.
In analogy, in formal equations we write unifications using :=, ==, <= and =,
while in concrete pieces of program code we use := , ==, <= and => respectively.

We give a brief description of each of the elements in the language.

A Mercury program consists of a set of procedures, and a query.

In a plain Mercury program, the query is always a call to a procedure named
main/2 that needs to be implemented by the programmer. We generalise this, and
assume that the query can be any kind of goal.

Each procedure is defined by a rule p(Xj, ..., X,) < g. The head atom of this
definition is the atom p(Xj, ..., Xy), and the body consist of a goal g. Mercury
goals can either be a conjunction of goals, a disjunction of goals, a negation of a
goal, an if-then-else construct, or a simple literal. Finally, a literal / can either be
an explicit unification specialised to one of its four forms (See also Section 4.2.3)
or a procedure call.

We introduce some extra notation:

Definition 4.1 (Subgoal) Let g and g’ be procedure goals. We say that ' is a subgoal
of goal g iff ¢’ occurs in goal g. This relationship is a partial order and is denoted by
g<g

Example 4.1 Let § = (81;82), (835 (g4, 85)), then ¥Vg;,1 < i < 5: g; < g but also
(81,82) = 8/ (84,85) < g elc.

In a Mercury program the programmer needs to explicitly adorn her/his pro-
gram with type-, mode- and determinism declarations. We consider that this
information is implicitly present in our transformed Mercury programs. This is
presented in the following sections.

Example 4.2 The code in Example 3.9 meets the definition of the syntax of Mercury
programs given here.

INote that explicit unifications are not considered as atoms in our formalism, see Section 3.1.
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Program = 7r;q
RuleBase == {p1...pn,} ny,>1
Procedure = p(X) g
Goal t= 91,
| 81&
| if g1 then g else g3
| notg
I
Literal = X = f(Y) (deconstruction)
| X< f(Y) (construction)
| X==Y (test)
| X:=Y (assignment)
| p(Y)
where
r € RuleBase
{p1o pny} C  Procedure
{q/g/glrgZ/g?)} g GOﬂl
I € Literal
(XY, X1,..., X0, Y1,...,Yu} C V
f/n € X

Figure 4.1: Description of core Mercury. Note that 1, denotes the number of pro-

cedures in the program and Xj,..., Xy, Y1,..., Yy and X each denote a sequence
of distinct variables.

4.2 Implicit Information

The following sections present the extra information that we consider to be im-
plicitly present in our transformed Mercury programs.

4.2.1 Program Point and Execution Path

We identify each individual literal by a unique program point.

The set of program points is denoted by pp; to designate the literal at some
specific program point i, we use the notation /;; the program point of a literal / is
denoted as pp(!); the set of program points occurring in the definition of a goal
¢ is given by pp(g), and finally, the set of program points in the definition of a
procedure p is written as pp(p). If we explicitly write a program point within a
fragment of code we do this by writing it in front of the literal to which it refers.
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The reason for doing so will become clear when we present the notion of program
point annotations and their meaning (Section 5.3.1).

The set of program points of a given procedure is ordered w.r.t. the syntactical
occurrence of the literals they correspond to. As program points are usually iden-
tified by integer numbers, we use the symbol < to denote the ordering of program
points.

Example 4.3 Program points are marked before the literals to which they belong to.

% :— pred first(list(T), T).
% :— mode first(in, out) is det.
first(L,F) :— ) L => [X | _R], (2 F := X.

Here we have pp(L = [X|_R]) = (1), and pp(F:=X) = (2); pp( first 12) = {(1),(2)}.
If we consider that our program consists of only this procedure then pp = pp( first /2) =
{(1), (2)}. In this simple example, obviously, (1) < (2).

For some of the analyses it is important to know which literals precede the
execution of a given literal, and which literals can only be performed after that
literal, both in the context of the same procedure. For this purpose we introduce
the notion of an execution path, also called a control flow path in (Vanhoof 2001).
Execution paths are statically determined by the selection rule, here left-to-right.

Definition 4.2 (Execution Path) Given a procedure p(X) < g, an execution path
in this procedure is a sequence of program points (pp1, pp2,-- -, PPn), Where pp; <
ppiv1,1 <i < (n—1), such that at run-time the literals associated with these program
points are performed in sequence. A program point is said to be covered by an execution
path, if this execution path comprises that particular program point. Two program points
share an execution path if there exists an execution path covering both program points.
Two execution paths are sharing if the intersection between the two corresponding se-
quences is not empty.

Given a procedure p, then each execution path in its definition, is denoted by
p; where i is an index allowing to differentiate each of these paths. We can order
these execution paths based on the ordering of the program points they cover, let

7i p_; be two execution paths in p, then p; is before p—]?, denoted by ﬁ;ﬁ, iff
Vx € p;, 3y € p; : x < y. The set of execution paths of a procedure p is simpl

Pi, Y € Pj y P p P pPly
denoted by paths(p).

Example 4.4 Consider the definition of the deterministic procedure of append/3 (Ex-
ample 3.9), here explicitly annotated with its program points:

% : — pred append(list(T),list(T),list(T)).
% : — mode append(in,in,out).
append(X, Y, Z) :—
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’ (3) X => [Xe|Xs],
(4) append(Xs, Y, Zs),
(5) Z <= [Xe|Zs]
).
This procedure has two execution paths, namely append; = ((1), (2)), and append, =

((3),(4), (5)). Each program point is only covered by one single execution path, there is
no sharing between execution paths. Note that

N
append; < append,

In the following sections and chapters we will often refer to this version of the
deterministic append procedure.

Example 4.5 Consider the following sketch of a procedure definition:

ro— (1

((

(

Then

paths(r) = {{(1),(2), (4)), (1), (3), (4)), {(1), (2), (5)), {(1), (3), (5))}
)

Here, ((1),(2),(4)) is before any of the other paths, ((1),(3), (5)) is after any of the
other paths, while (1), (2), (5)) and ((1), (3), (4)) are incomparable.

5o

B u),
(5) W ).

=
=
< e~
01

It is possible to prove that the set of execution paths of any procedure p always
has a lowest element, i.e., a path p; € paths(p) such that Vp; € paths(p) :
— = —
pL<pi-

Definition 4.3 (Preceding, Following Program Points) Consider a procedure p(X) «
g, and a program point i € pp(g). The program points preceding (resp. following) i

is the union of the program points preceding (resp. following) i in the execution paths
covering i. The set of preceding program points is denoted by pre(i), while the set of
following program points is given by post(i). Formally:

pre(i) = {j| P € paths(p),{i,j}
post(i) = {j|p €paths(p) {i,j}

NN

— .
P
Iy
p 1

iR

|/\ I/\

Example 4.6 In Example 4.5, pre(1) = { },post(1) = {(2),(3), (4), (5)}, while for
program point (3) we have pre(3) = {(1)} and post(3) = {(4), (5)}.
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We generalise the definition of preceding and following program points for
goals instead of individual program points.

Definition 4.4 Given a procedure p(X) « g, and a subgoal ¢’ < g. The program
points preceding (resp. following) g’ is the intersection of the program points preceding
(resp. following) the program points pp(g’). We overload the meaning of pre and post:
pre(g’) denotes the set of program points preceding g', and post(g’) is the set of program
points following ¢'.

4.2.2 Type Information

In the context of one procedure definition, each variable has a unique type. We
introduce the function type(X, p) which returns the type of variable X used in
the definition of procedure p.

In general, if the procedure context is known, type(X, p) is abbreviated to

type(X).

4.2.3 Mode Information

During mode analysis, the goal of a predicate is transformed in such a way that
after reordering of the subgoals, the resulting code ensures that, when executed,
all variables are given a value before they are used. General predicate calls are
replaced by adequate procedure calls. Propagating and inferring mode inform-
ation also has the consequence that for each general unification it is possible to
know the flow of information. Each unification is therefore specialised to one of
the following four unifications (Somogyi, Henderson, and Conway 1996):

o (deconstruction) A deconstruction unification X = f(Y1,...,Yy) is a unific-
ation in which X has mode in, and all Y; € {Yy,...,Y,} have mode out.
This unification may fail if X is not bound to the outermost functor f/n. In
other words, if X is bound to a ground term f(Z1, ..., Z,), then the result
of the unification will be that each Y; will be bound to the subterm Z; points
to,1 <i<n.

e (construction) A construction unification X < f(Y1,...,Yy) is a unification
inwhich all Y; € {Y3,..., Yy} are input, while the left hand side, X, is out-
put. This means that a new term is constructed with outermost functor f/n
and where the subterms all point to the corresponding Y;,1 < i < n. The
resulting term is assigned to the fresh variable X. This type of unification
can not fail.

o (test) A test unification X == Y tests whether the ground terms pointed at
by X and Y are equal. This means that both X and Y are input variables.
The unification fails if the terms are not equal.
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o (assignment) An assignment X := Y simply assigns the value of the input
variable Y to the fresh variable X. This type of unification can not fail.

We introduce the following query functions related to mode information and
which can be applied to any syntactic object, say S, of our language:

e in(S): returns the set of variables which have mode in with respect to S.
These are variables which are guaranteed to be ground by the time the syn-
tactic object S is executed.

e out(S): returns the set of out-variables in S. These are variables that were
free before calling S and are instantiated upon successful execution of S.

o although rarely used, we provide also query functions for the unique modes:
di(S) and uo(S). These functions return the di, resp. uo variables.

Note that VS : in(S), out(S),di(S),uo(S) C Vars(S).

Example 4.7 Consider the following procedure definition:

% : — pred second(list(T),T).
% : — mode second(in,out) is semidet.
second (X, X2): — X => [X1]|Xsl], Xsl => [X2]|Xs2].

We have in(p) = {X}, out(p) = {X1, X2, Xs1, Xs2}, where p designates the
complete procedure. Restricted to the head atom of the procedure, we have

in(second(X,X2)) = {X}
out(second(X,X2)) = {X2}

Other interesting mode-sets could be in(X =-[X1Xs] | ) = {X}, and out (X =[X1Xs]|) =
{X1, Xs}.

4.2.4 Determinism Information

Using the determinism declarations provided by the programmer, any Mercury
compiler must verify their correctness. Doing so, it has to derive determinism
information for each part of the code. We assume that this determinism inform-
ation can be queried using the function det(S), where S is any syntactic object
of our language. It returns one of the six determinism values known in Mercury:
failure , erroneous ,det ,semidet , multi ,nondet (Section 3.4).

In general, disjunctions have a non-deterministic flavour as each of the bran-
ches may succeed. There is a particular case though in which at most one of
the branches succeeds. These are the so called switches. Just like for imperative
languages, a switch compares an input value to a series of values (i.e., possible
outermost functors). Only one of these values can match, therefore only one of
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the branches of the disjunction may lead to success. If the disjunction covers all
possible outermost-functors that can be attributed to variables of that type, then
the determinism of the switch depends on the determinism of the branches. If
not all functors are covered, then there exists a situation where possibly none of
the branches matches. In that case, the disjunction is at least semi-deterministic
(it may still be non-deterministic if one of the branches is).

In our analyses we need to be able to differentiate deterministic selection, i.e.,
switches, from general non-deterministic disjunctions. We therefore introduce an
additional implicit function switch. Applied to a disjunctive goal, it returns the
boolean value true if the goal is a deterministic switch, and false otherwise.

Example 4.8 Consider the following program written in plain Mercury:

:— type t ——> a; b.

— pred p(int).

mode p(out) is multi .
mode p(in) is semidet .

— pred q(t,t).

:— mode q(in,out) is det.
p(1).

p(2).

q(a,b).

q(b,b).

where int is the built-in-type representing the set of integers (c.f. page 24).

In Mercury this yields the procedure definitions pl, the procedure corresponding to
the non-deterministic (multi ) mode of the predicate, and p2, the procedure representing
the semidet mode.
pL(X) : — (X <=1 ; X <= 2).
p2(X) : — (X => 1 ; X => 2).

g(X,Y) :—= (X =>a,Y<=b ; X=Db, Y<=b).

In p1, the disjunction is a non-deterministic disjunction: switch(g1) = false, where
Q1 is the disjunction goal of pl. In p2 the disjunction is a switch, thus switch(g) =
true, where g is the body of procedure p2. This switch enumerates some of the possible
values X may unify with. The enumeration is not exhaustive, therefore the switch may
fail (and is semi-deterministic).

As for q(X,Y), it defines one clause for each possible input-value, therefore this disjunc-
tion can safely be marked as deterministic (it introduces no choice point, and all cases for
the input-value are covered), hence a deterministic switch.

Proposition 4.1 The determinism of a procedure (h «— g) is equal to the determinism
of its goal g: det((h — g)) = det(g).

Proposition 4.2 tables the determinism values of the unifications. We could
also give an overview of the relationship between the determinism of a goal, and
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the determinisms of its subgoals, but as this requires the introduction of the de-
terminism values as a lattice, we omit it here. We simply assume that each goal
has a pre-annotated determinism information field that at any time can be quer-
ied using the det-function.

Proposition 4.2 The determinism information of the different specialised unifications
are shown in Table 4.1.

unif det (unif)
X = f(Yy,...,Yn) | semidet
X< f(Yy,...,Y,) | det
X==Y semidet
X:=Y det

Table 4.1: Determinism of unifications.

4.3 Simple Mercury

In the following chapter we give a meaning to Mercury programs. As negations
and if-then-else constructs bring extra complications, we handle these constructs
only in a later stage. Therefore we introduce the language Simple Mercury. This
language has the same syntax and implicit information as the Mercury language
we defined above, except that the goals can only be either a conjunction, a dis-
junction or a simple literal. No negations or if-then-else’s are allowed.
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Chapter 5

Mercury Semantics

In this chapter we define a number of different denotational semantics for the
Mercury language defined in the previous chapter. These semantics are paramet-
rised with respect to a so called description domain. By instantiating a particular
semantics with a concrete domain, we obtain a definition of a concrete semantics
for Mercury programs. One can also instantiate the semantics with an abstract
domain. In such case one obtains an abstract semantics. If the abstract domain
is designed such that its elements approximate values from a given concrete do-
main, then the abstract semantics obtained from instantiating the semantics with
that abstract domain approximates the concrete semantics using that given con-
crete domain. This abstract semantics forms the basis for implementing the cor-
responding program analysis system. The correctness of that analysis system
can then be guaranteed by the correct approximation of the abstract semantics
w.r.t. the concrete semantics. As we want to be able to implement program ana-
lyses according to a different semantics than the concrete semantics that repres-
ents the actual execution of the program, we carefully design equivalence rela-
tions that enable us to relate these semantics.
The two most important semantics formalised in this chapter are:

o the goal-dependent semantics giving a concrete meaning to Mercury programs
corresponding to the way such programs are executed, and

o the goal-independent based semantics with pre-annotations. This semantics is
used to provide the correct basis for the consecutive analyses present in the
compile-time garbage collection system developed in this thesis.

Other formalisations of the meaning of Mercury programs are used as interme-
diate steps in the proof of the safeness of the goal-independent based semantics
with respect to the concrete goal-dependent semantics.

49
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5.1 Introduction

5.1.1 Abstract Interpretation

The theory of abstract interpretation, first introduced in the context of imperat-
ive languages (Cousot and Cousot 1977) and now widely adapted to declarative
languages (Cousot and Cousot 1992a; Bruynooghe 1991), allows to verify run-
time properties of programs, without actually executing these programs. Such
properties are useful for debugging, code optimisation, program transformation
and program correctness proofs. Techniques of abstract interpretation find their
application in type analysis (Kluzniak 1987; Van Hentenryck, Cortesi, and Le
Charlier 1995), groundness analysis (Kagedal 1995; Cortesi, Filé, and Winsbor-
ough 1991; Marriott and Sendergaard 1993), sharing analysis (Jacobs and Lan-
gen 1992; Muthukumar and Hermenegildo 1989), combinations of these ana-
lyses (King 1994; Cortesi and Filé 1991; Muthukumar and Hermenegildo 1991;
Bagnara, Zaffanella, and Hill 2000), and many other domains.

Usually, abstract interpretation is formulated in terms of the operational se-
mantics of the language to interpret (Cousot and Cousot 1992a). Starting from a
formalisation of the standard operational semantics, one formalises the concrete
program properties of interest as elements of a certain concrete domain, thus ob-
taining the so called collecting semantics which is expressed as a fixpoint over that
domain. The idea is then to translate the set of concrete values into some set of
descriptions of these values, resulting in the abstract domain. The operations in
the operational semantics that deal with concrete values need to be translated
into abstract operations dealing with the approximate values instead. Hence, the
concrete execution of a program is replaced by a pseudo-execution that is focused
on the abstract properties of interest. The results of the pseudo-execution are cor-
rect if and only if they correctly approximate the concrete values that would have
been obtained by actually executing the program. A good tutorial on this subject
is (Bruynooghe and De Schreye 1988).

A typical example that perfectly illustrates these ideas is the rule of signs for
the multiplication of real numbers.

Example 5.1 Every child is taught the rule of signs: multiplying a negative number
with a positive number must yield a negative number; if two negation signs occur in
a multiplication, then the result is positive, etc. These rules are in fact abstract inter-
pretations describing the concrete multiplication of numbers. Put differently, instead of
playing with the concrete real values of the real numbers, we abstract each number by one
of the elements in the set {+, —, 0}. This set suffices to describe the multiplication of real
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numbers as given by the following table.

If we want to describe the rule of signs for the addition of two numbers, we need to add a
so called top-element, denoted as T. This element describes the lack of knowledge about
the exact sign of the number. For example, only T can correctly describe the addition of a
negative number to a positive number. We obtain the following table:

+/0 + - T
0f0 + — T
+1+ + T 7T
- - T - 7T

T T T T T

This led to the development of abstract interpretation frameworks (Bruynooghe
1991; Cousot and Cousot 1992b; Jones and Sendergaard 1987; Barbuti, Giaco-
bazzi, and Levi 1993) and generic abstract machines that implement these frame-
works (Janssens, Hermenegildo, Bueno, Garcia de la Banda, and Mulkers 1992).
For logic programming the framework of Bruynooghe (1991) is of particular in-
terest. This framework was designed to mimic the left-to-right, depth-first search
of Prolog, thus inherently top/down. The abstract engine therefore mimics the
run-time computation rule. However, for our work, this framework is too strict
to be usable for all the analyses that we intend to develop. We could try to
design new frameworks, but for each of these frameworks a new correctness
proof would be needed. The problem of choosing any fixed framework is that
such a framework is always defined in terms of some specific operational se-
mantics given to the language. In most cases this automatically determines the
operational semantics of the analysis.

This motivates our choice for using a denotational approach instead. Se-
mantics expressed in a denotational setting do not immediately reflect the im-
plementation of the run-time execution or program analyses, hence, gives us a
more flexible way of defining the concrete and abstract semantics of Mercury. In
the following section we sketch the central ideas to this approach.

5.2 Denotational Abstract Interpretation

An abstract interpretation framework consists of a generic data flow algorithm
with a few basic operations as parameters. A specific analysis is obtained by in-
stantiating these parametric functions. The correctness of the obtained analysis is
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guaranteed as long as the parametric functions correctly approximate the stand-
ard interpretation (i.e., in the concrete domain) of these functions. The advant-
age of this approach is that a generic analysis engine can be reused for multiple
analyses, as long as these analyses all follow the same structure, i.e., have the
same operational behaviour. The latter condition can be seen as a disadvant-
age of such frameworks. Indeed, if the operational semantics of the language
changes (say, bottom/up instead of top/down), the framework must be adap-
ted. Also, if the operational semantics of the language is say top/down, for some
analyses it may be more interesting to have a bottom/up execution scheme. In
both cases, a new framework must be designed and proved correct. In such a
setting, the comparison of different frameworks is not trivial either. It is for these
reasons that Marriott, Sendergaard, and Jones (1994) have introduced the notion
of denotational abstract interpretation where program analysis is based on a denota-
tional semantics of the language (Gordon 1979; Allison 1986; Nielson and Nielson
1992; Nielson and Nielson 1996), instead of the operational semantics. The idea
is to express the underlying semantic equations of each framework in a common
meta-language. By careful design of that meta-language, it is possible to prove
the correctness of the operations at the level of the meta-language once and for
all, which automatically proves the correctness of each framework described in
that language (given, of course, that the chosen description domain and the op-
erations depending on it are a safe approximation of the corresponding concrete
domain and concrete operations).

Using this meta-language boils down to giving a denotational semantics to
the programming language of interest. In the denotational approach, a program
is seen as a composition of syntactical elements. The meaning of a program is
defined as the composition of the meaning of the individual syntactical elements
used in the program!. The semantics of each individual syntactical object is mod-
elled by mathematical objects that represent the effect of executing this syntactical
construct. This effect, which is expressed in terms of a particular description
domain, is what we are interested in for modelling the behaviour of the logic
programming language we use. Typical domains include the domain of vari-
able substitutions (Lloyd 1987) or the domain of existentially quantified term
equations (Marriott, Sendergaard, and Jones 1994; Garcia de la Banda, Marri-
ott, Stuckey, and Sendergaard 1998) (See also Chapter 2), the domain of positive
boolean expressions (Marriott and Sendergaard 1993; Codish and Demoen 1993)
(mainly used for tracing groundness information), the domain of Set-Sharing (Jac-
obs and Langen 1992; Hill, Bagnara, and Zaffanella 1998), etc.. In the context of
compile-time garbage collection, we need to trace the effect the execution of a
program has on the memory-bindings of the variables it uses. This requires an
adequate concrete domain that captures the memory usage of the variables of

I Therefore, it is also common to call this approach compositional, as for example in (Falaschi, Gab-
brielli, and Marriott 1993).
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interest, and two abstract domains that respectively capture the information of
possible structure sharing (Chapter 6), and live heap cells (Chapter 8).

We briefly sketch the key elements of (Marriott, Sendergaard, and Jones 1994).

The meta-language used in (Marriott, Sendergaard, and Jones 1994), which is
based on (Nielson 1982; Nielson 1988), is a language made out of typed lambda
expressions. The basic expressions of the language are: auxiliary functions, vari-
ables, function abstraction, function application, conditional, least fixed point,
and the union and join operations. An important prerequisite of the theory is that
all functions (including the auxiliary functions) must be elements of the space of
monotonic functions. The union operation is explicitly added for the context of
logic programming as it is needed to describe the notion of non-determinism.
These expressions mainly act upon elements of a so called description domain.
This domain must be a complete lattice. It can either be a domain represent-
ing concrete properties of the program, a so called concrete domain, or a domain
that abstracts these properties, a so called abstract domain.

Definition 5.1 (Insertion) (Marriott, Sondergaard, and Jones 1994) An insertion
is a triple (X,v,Y) where X and Y are complete lattices (X, Cx,Ux, Nx, Lx, Tx)
resp. (Y, Cy, Uy, Ny, Ly, Ty), and v : Y — X is a monotonic co-strict function (i.e.,
Y(Ty) = Tx). The function v is called the concretisation function.

The idea is that elements of the domain Y should approximate elements from
X. In this theory the existence of an adjoined function, the so called abstraction
function (Cousot and Cousot 1977), is not explicitly required.

Definition 5.2 (Safe approximation) (Garcia de la Banda, Marriott, Stuckey, and
Sondergaard 1998) Let (X, v, Y) be an insertion between (X, Cx,Ux, Nx, Lx, Tx) and
(Y, Cy, Uy, Ny, Ly, Ty). Ifx € X, and y € Y then y is said to safely approximate x,
which is written as y o x, iff x Cx v(y).

The approximation operation is extended to function spaces as follows. Consider
f:Xi—...> Xy = Xandg: Yy — ... = Y, — Ywithall (X;,v;,Y;),i =
1...n insertions. We say that g safely approximates f, written as g o< f iff Vx; €
Xi,..0%0 € Xpand NVy; € Yq,...,yn € Yy ify; < x; fori = 1...n, then
g1, yn) o< fx1,..., x0).

We abbreviate the notion of safe approximation simply to approximation.

We use Sem to denote a set of semantic functions used in the parametric de-
notational definition of a language and Sem(X) its instantiation with a specific
description domain X. If Aux = {a,b,¢, ...} denotes the set of auxiliary functions
used in Sem, then we use the notation {aX, bX,cX, .. .} to refer to the instanti-
ated auxiliary function used in Sem(X). We rephrase Theorem 4.4 in (Marriott,
Sendergaard, and Jones 1994), the central theorem to proving the correctness of
the denotational approach.
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Theorem 5.1 (Safe approximating semantics) (Theorem 4.4 in (Marriott, Sonder-
gaard, and Jones 1994)) Let (X,v,Y) be an insertion. Let Sem(X) and Sem(Y') be two
instantiations of a set of semantic functions Sem defined in terms of the meta-language
described above, and more specifically in terms of a set of auxiliary functions Aux. If
Va € Aux : a¥ oc aX then Sem(Y) is a safe approximation of Sem(X). This is denoted
by Sem(Y) o< Sem(X).

The use of the above notions and theorem will be made clear when applied to
the context of Simple Mercury.

Finally, we write the names of the semantic functions in bold, e.g. S. Applying
a semantic function to a syntactic element, say s, is written using the usual “syn-
tactic” brackets ‘[" and ‘]": S[s]]. We use the classical functional notation when
the semantic function is applied to some extra arguments: e.g. S[s]abc.

5.2.1 Goal-(in)dependent Semantics

We develop a number of different semantics for Mercury programs. The reason
for this diversity is that a program can be interpreted in different ways, depend-
ing on the properties of interest. The two most typical views are the so called
goal-dependent semantics and the goal-independent based semantics. Both semantics
formulate the meaning of a Mercury program in the context of a particular pro-
gram query. In the goal-dependent view, procedures are given a meaning in terms
of the way that they are used given the initial query of the program . In the goal-
independent based setting, the semantics of the program is based on the context-
free meaning of the different procedures occurring in the program (and therefore
regardless of the way these procedures are called if the program is actually ex-
ecuted)

Typically, for most logic programming language implementations, the goal-
dependent semantics is used as a basis for the run-time behaviour of a program:
the program is run top/down, left-to-right, following the typical SLD-resolution
scheme (Lloyd 1987). This is why we refer to this semantics as the natural se-
mantics. On the other hand, for program analysis a goal-independent based se-
mantics can sometimes be more useful (Jacobs and Langen 1992; Codish, Garcia
de la Banda, Bruynooghe, and Hermenegildo 1997; Garcia de la Banda, Mar-
riott, Stuckey, and Sendergaard 1998). One of the main advantages of goal-
independent based abstract semantics versus goal-dependent abstract semantics
is the fact that the goal-independent meaning of the procedures can be computed
once and for all. This information can then be used for each new query that
needs to be analysed. If the analysis is computationally heavy, this approach
saves a lot of computation time. Moreover, in the presence of modules, a goal-
independent approach is often the only way of constructing the meaning of a
given query without needing the full knowledge of the program. Indeed, the
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goal-independent meaning of each of the procedures defined within a module
can be computed and exported. This exported meaning constitutes the interface
of that module to the analysis of other modules.

5.2.2 Mercury Semantics

Given the fact that the analyses that are needed in the context of a compile-time
garbage collection system are relatively heavy, and given also the fact that Mer-
cury programs are often split over a number of modules, we have decided to
develop these analyses in a goal-independent based semantics context. Yet, in or-
der to be useful, we must guarantee that the results that are obtained with these
analyses are correct w.r.t. the actual run-time behaviour of the program. We could
prove this correctness for each analysis separately, or define enough equivalence
relations between the concrete goal-dependent semantics of a Mercury program,
and its abstract goal-independent based semantics, such that only some specific
properties of the abstract domain need to be satisfied in order for the full analysis
to be correct. We decided to use the second approach.

Consider Sem); be the goal-dependent semantics for Mercury programs in-
stantiated with the concrete domain p(Egn™), then our goal is to develop a goal-
independent based semantics Sem e such that if Sem,, is used for a particular
abstract domain .4, denoted by Senipq (A), and if A satisfies a number of proper-
ties, then the results of abstractly interpreting a Mercury program in Senpze (.A)
are correct w.r.t. the actual run-time behaviour of that program represented by
Semp (p(Eqn™)).

There are two possible ways to link Semp(p(Eqn™)) with Sempze(A). Either
we instantiate Sem); with the abstract domain A, obtaining Sen;(A), and then
prove that Sem e (A) is equivalent to or at least correctly approximates Semp(\A),
or we give a concrete goal-independent based meaning to the original program
from the beginning, and instantiate that semantics with the abstract domain .A.
Both paths are shown in the following sketch:

SemMml(Eqn*)) & SemM.<T<Eqn+>>
Semp(A) JRAN Sempre(A)

Either paths need to provide some proof of equivalence of the goal-indepen-
dent based semantics with the goal-dependent semantics of the language. We
have chosen to prove this in a generic way, independent of the particular con-
crete or abstract domain. For this purpose, we have introduced an intermediate
semantics, the so called differential semantics. As we will see, in order to be equi-
valent, the domain (concrete or abstract) must satisfy a number of properties. We
show that these properties hold for the concrete domain of existential equations,
as well as for the other concrete domains constructed in this thesis.
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5.3 Simple Semantics

We use Simple Mercury, the down sized language of Mercury, to introduce the
notion of goal-dependent semantics. This semantics forms a transcription and ad-
aptation of the semantics presented in (Garcia de la Banda, Marriott, Stuckey, and
Sendergaard 1998; Jacobs and Langen 1992). The main differences are a slight ad-
aptation of the target language (using Simple Mercury instead of pure first-order
Prolog), the notation used, and the explicit incorporation of program annotations
within the semantics.

5.3.1 Semantics: Terminology and Notation

We are interested in the variable bindings that may occur as an effect of executing
the program. Usually, only the bindings of the variables occurring in the query
are returned as a result of the computation. These are the so called computed
answers (Lloyd 1987; Jacobs and Langen 1992; Marriott, Sendergaard, and Jones
1994), and are expressed in terms of a specific description domain. These com-
puted answers can be expressed in the domain of concrete variable substitutions
or ex-equations, but they can also be abstracted as elements from some abstract
domain describing these computed answers. In order to deal with recursive pro-
cedure definitions, the semantics uses a least fixed point. Such semantics are often
called collecting semantics.

Example 5.2 Consider the program defined by the rulebase containing the definition of
the non-deterministic procedure of append as given in Example 3.9, and a query that con-
sists of the conjunction of literals C <= [1], append(A, B, C). Assuming that initially all
of the variables are free, then the computed answers for this sequence of literals expressed
in the concrete domain of variable substitutions is the set

A/, B/[],¢/11]},{A/1], B/[1], €/ (1]} }
ot, in the domain of ex-equations, here shown in their solved form:
{A=[1]AB=[]AC=[1],A=[]AB=[1]AC=]1]}

Given the fact that in the further sections we use p(Egn™) as our concrete domain
of reference, our subsequent illustrations are mainly in terms of p(Eqn™).

Our analyses enable us to determine optimisations at the level of individual
literals, which means that we need to record the information about variable bind-
ings for each of these literals. Therefore, our analyses not only return the computed
answers for the given query of the program, but also the local descriptions of the
variable bindings as they can occur during the execution of the program at the
level of each single literal.
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Example 5.3 The collecting semantics for the program used in Example 5.2 results in
the following annotation of the individual literals (also annotated with their program
points) in the non-deterministic procedure of append:

Literal pp | Annotation

X <] L {z=0],z=1]}

Y:=12Z 2 ({Zz=AX=][,Zz=]I"X=]]}

Z = [Xe|Zs] 3 [ {Zz=[1],z=1]}

append(Xs,Y,Zs) |4 | {Z =[1]AZ = [Xe|Zs]}

X < [Xe|Xs] 5 | {Z=[1]ANZ = [Xe|Zs]
AXs=[]AY = Zs}

In the previous example, we have collected the concrete variable substitutions
as they may occur at run-time before the actual literal is taken into consideration.
The other possibility would have been to collect the concrete variable bindings
after the literal is executed. Given the fact that in this thesis we are interested in
optimisations that can only be performed if literals are called in the right way it is
only natural that we are only interested in the substitutions as they occur before
the actual calls. This also explains why we have chosen to mark the program
point values before the literal to which they belong.

Nevertheless, the collecting semantics presented under this form is not precise
enough for our purposes. In the table in the previous example, the equations
corresponding to a call of append(X,Y,z) with Z bound to [1], are mixed with the
equations corresponding to calls to append in which Z is bound to the empty list.
By separating these two calls we have a better view on what happens locally,
making the analyses describing this information inherently more precise. There-
fore, instead of annotating individual literals with the description of the variable
bindings as they may occur for each call to the procedure to which the literals
belong, we separate the annotations with respect to the description of the calls of
the procedure. We obtain goal-dependent annotations of the individual literals.

Example 5.4 The goal-dependent annotations for the program used in the previous
example are given by the following table. Note that we have chosen to identify the literals
by their program points.
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Annotation

{z=1[]}
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= [Xe|Zs]}
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The variable substitutions are collected w.r.t. to the way append(X,Y,Z) is called. Note
that the collected information is more precise in this case: it states that the second clause
of the non-deterministic append fails if called with Z bound to the empty list: the literal
is annotated with the bottom element { }, which reflects failure in this concrete domain.

In the following section we give a goal-dependent semantics of Simple Mer-
cury programs in the sense that the meaning of a program composed of a rule-
base and a query g consists of the computed answer to that query and a goal-
dependent annotation table that collects the relevant information for each literal.
Computed answers as well as the information recorded for each literal are ex-
pressed in a description domain Ans. This domain is either a domain that reflects
the concrete execution of the program, or an abstract domain that describes this
execution.

Let Ans be a particular description domain, then elements of Ans are called
descriptions, or sometimes substitutions or patterns. In the context of abstract in-
terpretation or program analysis in general it is natural to use complete lattices
for the description domains used which is what we also assume in our thesis.
Let (Ans, Cans, Uanss Mans, Lans, T ans) be our description domain?. If a pattern
describes how a specific procedure is called, then we call it a call description, call
substitution, or call pattern. Descriptions that describe the variable bindings of a
procedure after execution of that procedure are said to be exit descriptions, or an-
swer descriptions. The element of the description domain that corresponds to the
situation where all variables of interest are unbound is referred to as the empty
description. In p(Eqn™), this corresponds to the value {true}, in p(ESubst), this
is the element {{ } }. The empty description may in some domains correspond
to the bottom element _L, but it is not a requirement. Using this terminology, the
computed answer to a query corresponds to the answer description for that query
if initially called with an empty call description.

2In the following sections we drop the subscripts Ans unless they are required for clarity.
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Example 5.5 The bottom element { } in o(Eqn™) reflects failure, and is therefore dif-
ferent from {true} which represents the fact that all variables (within the context one
considers) are free.

Definition 5.3 (Goal-Dependent Annotation Table) A goal-dependent annotation
table is a table containing tuples from the following set:

pp — Ans — Ans

The intended interpretation of an element (i, S¢, S) of such a table is: if a
procedure p to which the program point i belongs is called with a call description
S¢, then the particular literal at program point i is called with the description S.

In the following sections we use the notion of updating a goal-dependent an-
notation table for which we introduce the following notation:

Definition 5.4 Let T be a mapping from K-values to E-values: T : K — E, where E is
a complete lattice (E, Cp, Ug, Mg, Lp, Tg). Letk € K, and e € E then

B T\{(k, ey U{(keuge)} if3e.(ke)eT
Tlkee] = {TU{{(k,e)}} { ee)) c{therwise

5.3.2 Goal-Dependent Semantics Sermg

This section is the first occurrence of the denotational notation we use in this text.
Therefore we construct the semantics for Simple Mercury programs in a step by
step way.

The goal of denotational semantics is to define mathematical functions that
give a meaning to the syntactical objects used in the language. This meaning is
compositional: the meaning of each syntactical object is expressed as a composition
of the meaning of the immediate constituents of that syntactical object. In the case
of Simple programs, this means that the meaning of a program r; g is defined in
terms of the meaning of the rulebase constituent r and in terms of the meaning
of the query constituent 4. If Pg, Rg, G are the mathematical functions giving a
meaning to programs, respectively rulebases and goals, then Pg must be defined
in terms of Rg and Gg. Likewise for the meaning of the other syntactical objects
in Simple Mercury.

Program Semantics We start by defining the mathematical function Pg. In the
previous section we announced that the meaning of a program r; q is intended to
be composed out of two parts: the exit description describing the variable bind-
ings in g after completing g in the context of the rulebase r, and a goal-dependent
annotation table that describes what happens at each program point in r dur-
ing the execution of q. By introducing the type Ann as a shorthand notation
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of the functions with signature pp — Ans — Ans, ie., the signature of goal-
dependent annotation tables, we formalise the signature of Pg as being a func-
tion Program — (Ans x Ann) mapping individual programs to tuples containing
an element from the description domain (the exit description of the query) and a
goal-dependent annotation table. We define Pg by the clause

Ps[r;q] = Gs[q](Rg[r]) inity init,

This formalises the fact that the meaning of a program 7; q is defined as the mean-
ing of the goal g in the context of the meaning of the rulebase r, which is given
by Rg[r]. The use of the extra arguments init; will become clear in the following
paragraphs. Note the use of the brackets [ ] to clearly differentiate the syntactical
objects from the mathematical objects in the semantic function definitions.

If the meaning of the rulebase is also considered part of the meaning of a
particular query, then it suffices to adapt the definition of Pg as follows:

Ps[r;q] = lete = Rg[r] in
let (S, A) = Gg[q] e inity init; in
(S,Ae)

The only difference of this formulation with the previous one is that now the
rulebase meaning, here named ¢, is explicitly kept and given as a result of the
meaning of the particular query g in the rulebase r. In the following chapters
we shall only use the first formulation, even if we sometimes do talk about the
rulebase meaning as the result of the analysis of a program.

Signature of the Rulebase Semantics In a goal-dependent context the mean-
ing of a rulebase consists of the description of the call and exit patterns of each
of the clauses, as well as the annotations of each of the program points within
these clauses. The meaning of an individual procedure can then be seen as a
function with the signature: Atom x Ans — Ans. Let ((p(Xy,...,Xn),S0),S)
be an element from this mapping, then it is intended to have the following in-
terpretation: a call of p(Xy,..., X,) with call description Sy results in the exit
description S. Let ProcMeaning be the shorthand notation of the functions with
signature Atom x Ans — Ans, and AProcMeaning the shorthand notation for
procedure meanings combined with an annotation table, i.e., AProcMeaning :
ProcMeaning x Ann, we declare the signature of Rg to be:

R : RuleBase — AProcMeaning

Given a rulebase, Rg computes the meaning of each of the procedures defined in
that rulebase, computing a goal-dependent annotation table as well.
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Goal Semantics The goal-dependent meaning of a procedure goal is simple to
construct. Given a call description of a goal g, the semantic function returns the
corresponding exit description. This is only one part of the responsibility of the
semantic function for goals. As we are explicitly interested in the intermediate
values of the descriptions, we also want to update the annotation table to include
the descriptions for the literals in that goal. To do so, it is not sufficient to know
the call description of the goal g as this goal may be a subgoal of some larger goal.
In this case we need the original call description with which the procedure was
called. Therefore, the signature of Gy is:

Ggs : Goal — AProcMeaning — Ans — Ans — (Ans x Ann)

An expression such as Gg[g] (e, A)SyS defines the meaning of a goal g in the
context of an already precomputed rulebase meaning e and annotation table A,
where the procedure to which g belongs is called with the description Sy (needed
for correctly updating the annotation table), yet the goal itself is called with de-
scription S. The result is an answer description describing the variable bindings
after the completion of g, and a new updated annotation table.

We can now explain the double occurrence of init; in the definition of Ps. The
semantic function Pg is defined in terms of the meaning of the query q. This query
is simply a goal, and in order to compute its meaning, two descriptions need to be
given: the call description of the procedure to which the query belongs, and the
call description of the goal itself. As the query g does not belong to any procedure
in particular, and the goal is called simply as is, it is natural to provide an initial
empty value for both descriptions. Without fully instantiating the description do-
main, we introduce an auxiliary function init that returns a correct description of
the empty set of variable substitutions, the concrete situation in which the query
is executed. The signature of this function is

init : Ans

hence a constant. In some cases the value of init may correspond to the bottom
element of the description domain, but in p(Eqn™) the lack of variable bindings
is simply described by an empty set of constraints, thus {true} which is not the
bottom element of that domain. In some exceptional cases, this initial description
might be refined with respect to the variables occurring in the context of the ori-
ginal query. We therefore roughly subscribe the init function with the context in
which it is used. In this case, we have two occurrences of init;.

The definition of Gg is given by the following clauses, where e is the precom-
puted rulebase meaning, A is a goal-dependent annotation table, Sy is the call
description of the procedure to which the goal belongs, and & is the actual pat-
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tern describing the call of the body:

Gs[[gl,gzﬂ (8, A)S()S = let (Sl,Al) = Gg [gl]](e,A)SOS in
Gs[g2](e, A1)SoS1
Gs[[g1,'g2ﬂ (E,A)SQS = let (S1,A1) = Gg [[gl]](e,A)SoS in
let (82/ A2) = Gg ng]] (G,A)S()S in
(81 U Sy, merge(A1, Az))
G (e, A)SoS = (Ls[ilesS, Al(pp(1), So), S1)

The semantics of a conjunction of goals g1, g2 is defined as the meaning of the
second goal g» computed in terms of the meaning of the first goal g;. The mean-
ing of a disjunction of goals g1; g» is defined in terms of the independent meaning
of each of the constituent goals, each resulting in a separate exit description and
a new updated annotation table. These results are then combined into a single
exit description — the least upper bound of the exit descriptions of each of the
branches of the disjunction, and one single annotation table. The latter is ob-
tained by merging the two annotation tables. For this purpose we introduce the
merge-function, which is defined as follows.

Definition 5.5 Let Ay and A, both be annotation tables in Ann, then merging these
tables is defined as:

merge : Ann — Ann — Ann

merge(A1, Ay) = {(i,So, S) } where
S=5§US8 i]((i,S(),Sl)€A1/\(i,SQ,Sz)EA2
S=& Zf(i,SQ,Sl) € AN ﬁSZ.(i,So,Sz) € A
S=85 Zf(i,So,Sz) € Ay ZSz.(i,So,Sl) € A

Note that we could have given a more sequential semantics to the disjunctive
goals by interpreting the second branch of the disjunction using the annotation
table resulting from the meaning of the first branch. Given the associative nature
of the least upper bound operation, the results are guaranteed to be the same as
long as the annotation table is not consulted, i.e., as long as none of the semantic
functions accesses and uses any of the values stored in the annotation table. As
the annotation table is used in our definition strictly to store values without actu-
ally using these values for the analysis itself, this aspect is not an issue here.

Finally, the semantics of a goal consisting of a simple literal is defined as the
semantics of that literal.

Literal Semantics The signature of the semantic function Lg is simply:
Literal — ProcMeaning — Ans — Ans

The purpose of an expression such as Lg[[]] e S is to return the exit description of
a call of the literal [ described by S. This behaviour is defined by the following
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clauses:
Ls[uniff eS = add(unif, S)

Ls[p(X)]eS = e(p(X),S)

where “unif” is one of the four Mercury unifications.

In this definition, we make the distinction between each of the possible forms
a literal may have. If the literal is a unification, then we update the call sub-
stitution in an appropriate way. Given the fact that we do not yet determine the
exact description domain, we introduce a monotonic auxiliary function add. The
purpose of this auxiliary function is to update a specific description to correctly
render unification. Therefore, the signature of add is:

Prim — Ans — Ans

where Prim represents the set of all built-in operations, i.e., in this context the four
different types of unification known in Mercury. The exact definition of the add
function depends on the description domain that is used.

If the literal is a procedure call p(X), then we consult the precomputed meaning
of the rulebase. Given the fact that each procedure call is defined by exactly one
procedure, we simply need to look up the meaning of this procedure in the pre-
computed rulebase meaning given the call description S. We assume that e has
been fully precomputed?, and contains all the needed call/exit descriptions.

Rulebase Semantics We now tackle the definition of the meaning of a rulebase.
By the presence of possible recursive procedures, we formalise the meaning of a
rulebase r as the least fixpoint of an intermediate function Fg with signature:

Fs : RuleBase — AProcMeaning — AProcMeaning
which is equivalent to
Fs : RuleBase — (ProcMeaning x Ann) — (ProcMeaning x Ann)

With ProcMeaning = Atom x Ans — Ans and knowing that in these signatures x
is equivalent to — (normal currying), this allows us to write:

Fs : RuleBase — (ProcMeaning x Ann) — (Atom x Ans) — (Ans X Ann)

The latter explicit form of the signature makes clear that Fg gives a meaning to
a rulebase with respect to a precomputed rulebase meaning and goal-dependent
annotation table, for a specific procedure identified by an atom, and a specific

3Unification is the only real built-in in Mercury, but add can be generalised to any built-in operation
that might be added to Mercury.
“In fact, e is computed in a fixpoint computation. More about this will be said in Section 5.3.6.
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call description. The result is an exit description and a new annotation table. The
definition of this function is formalised by the following clause:

Fsp1...pi---pn, (e, A)(pi(Y),So) = Prs[pil (e, A)(pi(Y), So)

The definition of R is expressed using the least fixpoint operator included in
our meta-language (Marriott, Sendergaard, and Jones 1994)

fix: (T—T)—>T
where T can be any function. The definition of Rg is:
Rs[r] = fix(Fs[r])

How this fixpoint is computed is discussed in Section 5.3.6.

Procedure Semantics Finally, we specify the meaning of an individual proced-
ure in the presence of a specific call. The signature of Prg can be derived from the
signature of Fg, here shown in its explicit form:

Prs : Procedure — (ProcMeaning x Ann) — (Atom x Ans) — (Ans x Ann)
We define Prg using the new monotone auxiliary function
comb : Ans — Ans — Ans

The purpose of comb(S,, Sp) is to return a correct description of the result of
adding a new substitution &, to an already existing substitution S,. The imple-
mentation of this function is of course dependent on the description domain used.
The definition of Prg is given by the clause

Prsfi — gl(e, A)(@ S) = letSo = pyy((S)],) in
let (Sl,Al) = Gs[[g (6, A)S()So in
(comb(S, py—a ((S1)1)), A1)

where (S)], (with t a term) is a shorthand notation for (S|, (), the usual pro-
jection operation (c.f. Chapter2), and p, —t, (S) renames S by replacing the vari-
ables from term t; by the variables of its variant, term ¢, (c.f. Chapter 2).

In the context of a given rulebase meaning and annotation table, the meaning
of a procedure for a specific call is defined as the meaning of the procedure goal
w.r.t. a renamed and projected call description Sy. The exit description of the goal
is then renamed and combined with the original initial call description so as to
bring the result back to the context of the original call.
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Ans = description domain of interest
Ann pp X Ans — Ans

ProcMeaning Atom x Ans — Ans
AProcMeaning ProcMeaning x Ann

Figure 5.1: Definitions of the types used in Semg.

Ps : Program — (Ans x Ann)

Rs : RuleBase — AProcMeaning

Fs : RuleBase — AProcMeaning — AProcMeaning

Prs : Procedure — AProcMeaning — AProcMeaning

Gs : Goal — AProcMeaning — Ans — Ans —
(Ans x Ann)

Ls : Literal — ProcMeaning — Ans — Ans

Figure 5.2: Type signatures of the semantic functions used in Semg.

Putting it all together An overview of the semantic function definitions is pre-
sented in Figure 5.3. The types and signatures used for these definitions are re-
capitulated in Figure 5.1 and Figure 5.2 respectively. The semantic functions are
parameterised with respect to a description domain Ans.

We denote the resulting semantics by Semg. It is parametric with respect to
the exact description domain used. For each instantiation of the semantics, the
auxiliary functions init, comb and add need to be defined. When instantiating
the above semantics with a particular domain, say X, we denote the instantiated
auxiliary functions by subscribing them with the name of the domain used: initX,
comb®, and add¥.

The semantics is goal-dependent in the sense that procedures are given a mean-
ing in the context of a particular call description. The annotations are in the same
sense goal-dependent.

In the following subsection we illustrate the use of the semantic functions
by instantiating it with a specific concrete domain, namely the domain of ex-
equations. We discuss the precision of the semantic functions with respect to the
real concrete execution of Mercury programs. We also present the background
theory for showing that the presented semantic functions are well defined when
the auxiliary functions are monotone in their description domain arguments.
And finally, we discuss how these semantic functions can be implemented.
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Ps[r; 4] = Gs[q](Rs[r])initginit,
Rs[r] = fix(Fs[r])
Fs[p1...pi---pn, (e, A)(pi(Y), So) 7
= Prs[pi](e, A)(pi(Y), So)
Prg[h — gl(e,A)(a,S) = letSp = p,—p ((S)|,) in
let(Sl,Al) GS[[g]](e,A)SOSOm
(comb(S, pp—a ((S1 2|h)) 1)

Gs[[gl,gz]](e,A)S()S = let (Sl,Al) GS[[g1]] ,A)S()Sll’l
Gslg2ll(e, A1)SoS
Gslg1,820(e, A)SoS = let(S1,A1) = Gg[g1]l(e, A)SpS in

let (Sz,Az) Gs[[gz]] ,A)S()Sln

(81U Sy, merge(Aq, Az))
Gs[Il(e, A)SoS = (Ls[] eS, Al(pp(!), S0), S1)
Ls[unif] e S = add(unif, S)
Ls[p(X)] eS = ¢(p(X),S)

Figure 5.3: Goal-dependent semantics Semg for Simple Mercury.

5.3.3 Concrete Goal-Dependent Semantics

An interesting instantiation of the goal-dependent semantics is the concrete do-
main of existential equations or constraints p(Egqn™), a domain that we already
defined in Chapter 2.

We define the concrete goal-dependent semantics for Simple Mercury programs
as follows:

Definition 5.6 (Concrete Goal-Dependent Semantics) Using the domain of exist-
entially quantified ex-equations (p(Eqn™), C,U,N,{}, Eqn™) as our description do-
main Ans in the semantics Semg, we define

inito(E9n") = {true}
comb?E)(E E'Y = {¢"|ec E,é € E,e" =ene, e issolvable}
add” ") (unif, E) = comb®E9"") (E 5, E)
where E, s is defined as
Ex¢f(Y) = {X=f()} Ex——y = {}

The description for X ==Y could also be X =Y, yet this equation does not represent
any added value to the set of equations representing the variable bindings at the moment
the test unification is considered. The resulting goal-dependent semantics is the concrete
goal-dependent semantics of our Simple Mercury language.
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PP So Spp

1z =[]} {Z=[1]}

2 | {z=]} | {Z=[]AX =[]}

3 1 {Z2=0]} | {Z2=1]}

4 [ {Zz=[1]} | {Zz=[1]AZ=[Xe|Zs|}
5 [ {Z=[]}|[{Z=[1AZ=[Xe|Zs| A\ Xs =[] \Y = Zs}
L {z=[} | {z=1[]}

2 | {z=[]} [ {Z2=1IAX=1[]}

31 {z=[]} |{z=11}

41 {z=[]} | {}

51 {z=[} | {}

Table 5.1: Goal-dependent annotation table for the non-deterministic procedure
of append for the initial call description {Z = [1]} (c.f. Example 5.6).

Note how the restriction of being solvable in the definition of com b (Egn’)

ensures that the result is always a set of solvable ex-equations.

Example 5.6 Consider the code of the non-deterministic procedure of append as in ex-
ample 3.9 (here shown with its program points):

append(X,Y,Z): —
(
mX<=[], @Y:=2Z

’ (3) Z => [Xe|Zs],
(4) append(Xs,Y,Zs),
(5) X <= [Xe|Xs]

).

The concrete meaning of the query C = [1], append(A,B,C) is the exit description: {A =
[|AB=[1]AC =[1],A = [1] AB = [| AC = [1]} and the goal-dependent annotation
table as shown in Table 5.1. In that table Sy represents the call description of the called
procedure:

For clarity, the exit descriptions of each of the disjuncts are shown in Table 5.2, where
So again designates the call description for append.

Obviously, append is called with two distinct call patterns: {Z = [1]} — the initial
call pattern — and {Z = [|} — the call pattern stemming from the recursive call.
With the second call description, the unification of Z = [Xe|Zs| fails, hence returns an
unsatisfiable ex-equation, which is reflected by the { }-value for the resulting description,
i.e., it has no computed answer substitution. Note that the descriptions that are recorded
in the annotation table are the ones that occur before the literal corresponding to the
program point is taken into consideration. The description after the literal corresponding



68 CHAPTER 5. MERCURY SEMANTICS

goal So S
ii[z] {z=[]} | {Zz=1AX=[]AY =2}
Z = [Xe|Zs], B -

_ {Z =11 NZ = [Xe|Zs]
ipie?ﬁi“g]’ {Z=0| Axs=[]AY=2sAX=[Xe|Xs]}
=l Tz=m [iz=0rx=0rr=2)

Z = [Xe|Zs],
append(...), (z=1] | {}
X < [Xe|Xs]

Table 5.2: Explicit exit descriptions for each of the disjunctions in the non-
deterministic procedure of append (c.f. Example 5.6).

to a program point is not explicitly recorded, unless as the annotation of the following
program point, if it exists.
These results correspond to the results detailed in Example 5.4.

5.3.4 Precision of the Concrete Semantics

The definition of the semantics for Simple Mercury was inspired by (Marriott,
Sendergaard, and Jones 1994) where a similar semantics was developed for non-
strongly moded definite logic programs. The authors in (Marriott, Sendergaard,
and Jones 1994) mention that their definition of the concrete semantics of a clause
(corresponding to our definition of a program procedure) is inherently imprecise.
This is illustrated by the following fragment of Prolog code (where (1) and (2)
denote the program points):

q(XxX,Y, Z2) :— @ p(X,Y), (2 r(X,Y, Z).
p(U, V) :— U = a.
p(U, V) :— V = a.

r(u,v,w) : — v = wW.

Entering the query < q(X, Y, Z) into a Prolog system (with a left-to-right SLD-
resolution scheme) yields two solutions:

{X=aANY=ZY=aNZ=a}

Indeed, the call p(X, Y) either binds X or Y to a (not both), and the call r(X, Y, Z)
unifies the second with the third argument.

But if we interpret this code using the semantic functions defined for Simple
Mercury, then the exit description of the call p(X,Y) with call description {true}
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will be the set of equations

{X=anNY=ZY=aANZ=a,X=aNY=aNZ=a}

where the underlined ex-equation describes a situation that can never occur as
a solution to the query. Indeed, after the evaluation of p(X,Y), a description
{X = a,Y = a} is obtained. This becomes the call description for r(X,Y,Z). Us-
ing the definition of Prg, we obtain S = {X = a,Y = a}, which after projecting
and renaming results in Sy = {U = a4,V = a}. The semantics of the procedure
r(U,V,W) « V = W is to simply combine the constraint V = W to any of the
constraints with which the procedure is called, therefore yielding in our partic-
ular case: S = {U =aAV =W,V =aAV = W}. Finally, the resulting exit
description for the procedure definition of (X, Y, Z) is obtained by applying the
comb operation to the description {X = a,Y = a} and the renamed® substitution
812

comb? B ((X =a,Y =a}, {X=aAY=ZY=arY =2Z})
= {X=aANY=ZY=aNZ=aX=aNY=aNZ=a}

Hence the announced imprecision. The reason why we have this imprecision
comes from the fact that the original call description, a set of individual calls, is
treated as a whole and therefore threaded throughout the definition of the pro-
cedure as one set. After that, the original set of individual calls are combined
again with the obtained description. This way of defining the semantics does
not take into account that each specific call situation results in its specific set of
exit situations, but blindly combines the call description with the obtained exit
description.

Therefore, if the semantic functions used for Simple Mercury are used for de-
fining the semantics of non-strongly moded logic languages, then these functions
will be inherently imprecise w.r.t. the real exit descriptions the language can pro-
duce. The reason for this loss of precision is, as shown in the previous example,
the fact that, in the concrete domain, all the ex-equations describing a specific
call situation, are taken together as a set, threaded as a set through the definition
of the procedure goal, after which the result, again a set of equations, is unified
with the original set of equations. Given the fact that in general, this unification
operation is not idempotent, loss of precision can be expected.

5 Also projected of course, but in this case this is a null operation.
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A more precise description of the concrete semantics of a procedure would be
given by the following clause:

Prf i — gl(e, A)(a, )
= letVoeS:
let Sg =  Pa—h ( ({G}) ‘a) in
let (Sg, A%) Gs[gl(e, A)S§S{ in
let S¢ comb ({0},tha ((S(g)‘h))

in (Uyes S7, merge,csA%)

where merge,-sA? is defined as the consecutive application of the merge opera-
tion on each of the intermediate annotation tables A°.

In this definition, each call description is considered to be a set of individual
call descriptions (which is indeed the case for the concrete domain we use). An
exit description 57 of the procedure goal is computed for each individual call
description o € &. Each of these exit descriptions is then combined with the
call description it stems from, resulting in a description S§°. Finally, all the exit
descriptions are joined into one single exit description for the procedure. The
individual annotation tables are merged together.

It is easy to verify that the exit description in the context of the above example
would indeed correspond to the two solutions that are given by a Prolog system,
namely {X =aAY =Z2,Y =aANZ =a}.

However, while the program code used in the above example is legal Prolog
code, there is no way this code can be legal in the context of Mercury. Mercury
is a strongly moded language, where each procedure is characterised by a set
of input arguments, and a set of output arguments. Each clause of the initial
predicate definition (or disjunction branch in a procedure) must satisfy the same
mode constraints. In the definition of p(X, Y), the first clause specifies X as an
output argument and leaves Y unbound, while the second clause works the other
way around. This behaviour can not be expressed in the Mercury mode system,
hence it is not a legal Mercury program.

In fact, due to the strongly moded character of Mercury programs, the “ap-
proximating” semantics for Prg as given in Figure 5.3, is equivalent to the se-
mantic function Pr¢‘. This property is related to the head variable idempotence of

the comb®(E7"") operation (See Item 4 of the proof of Theorem 5.5, page 88). In-
tuitively, if one of the variable descriptions grounds a variable, then all other
descriptions must do so too to be in accordance with the modes of the procedure.
Now, if an exit description stems from a particular call description, then this exit
description must be modelled by that call description. Even stronger, given the
fact that every single call description is different in at least one of the bindings
of the concerned variable, every exit description can be modelled by exactly one
of the call descriptions, namely the one it stems from. This means that only the
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combination of the exit descriptions with their own call descriptions from which
they stem result in solvable ex-equations. “Mixing” call descriptions with exit
descriptions therefore can not happen in Mercury due to the very strict moding
rules.

5.3.5 Well Definedness

We show that the goal-dependent semantics presented above exists in the sense
that the fixpoint used in the definition of Semg exists. The only requirement is
that the auxiliary operations used in Semg need to be monotonic. In a second step
we show that if these auxiliary functions are also continuous, then the fixpoint
process can be computed as a Kleene-sequence.

Theorem 5.2 The natural semantics Semg exists.

Proof The auxiliary functions are monotonic over the description domain which
was required to be a complete lattice. Hence the semantic function Fg is
monotonic too. Therefore, by application of the weak form (Lloyd 1987) of
Tarski’s fixpoint theorem (Tarski 1955) we know that a fixpoint exists.

O

Theorem 5.3 Consider the description domain to be a complete lattice. If that domain is
finite, or if every ascending chain in the description domain used in Semyg is finite or if the
auxiliary functions are continuous, then the semantics of the rulebase can be computed
by the consecutive application of Fs: Rs = F§(L, La), called the Kleene sequence,
where L is the bottom element of the lattice used for the description domain, and where
1a=A{(i, L, L)]|i€ pp} represents the empty annotation table.

Proof Ascending chains are always finite in finite domains. Complete lattices
in which every ascending chain is finite are called Noetherian. Noeth-
erian lattices have the characteristic that all monotonic functions defined
over these lattices are also continuous, page 401 in (Nielson, Nielson, and
Hankin 1999). Hence, the auxiliary functions are continuous, which means
that also Fg is continuous. The theorem holds by application of Proposi-
tion 5.4 in (Lloyd 1987).

(]

Note that the auxiliary functions used in the concrete goal-dependent semantics
Sems(p(Eqn™)) are continuous, hence monotone (p(Eqn™) is a Noetherian lat-
tice). The concrete goal-dependent semantics is therefore well defined, and the
fixpoint can be computed by Kleene’s sequence.
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5.3.6 Possible Implementation

In the definition of Lg we assumed that (e, A) is fully known and that therefore a
lookup operation e(p(X), S) always yields the exact exit description for the call
description S of p(X). This view implies a bottom-up implementation of the se-
mantics. When evaluating the query, the rulebase meaning and annotation table
corresponding to this rulebase meaning, is considered to be known. Also, when
evaluating a literal, the entry for the procedure corresponding to the definition
of the procedure call is considered to be present in the rulebase meaning used.
Given the fact that the semantics presented here is goal-dependent, this would
mean that the meaning of the rulebase would need to be computed for all pos-
sible call descriptions of the procedures defined in the rulebase, although most
of these call descriptions would not be needed for the evaluation of the query of
interest. This approach could be seen as a strict bottom-up approach®. As argued,
using this approach in the implementation of the goal-dependent semantics for
Simple Mercury is not feasible.

A better approach for the implementation of the goal-dependent semantics for
Simple Mercury is to consider a lazy and therefore top-down oriented view. If,
during the evaluation of a literal, a lookup operation is performed for a call that
was not yet recorded in the rulebase meaning, then this lookup-operation triggers
the evaluation of the procedure defining that procedure for the call description
with which the literal was called. The rulebase meaning is therefore constructed
on demand, hence the process becomes top-down. Note that only the calls that are
needed for the evaluation of the query are evaluated in this setting.

Therefore, the most natural implementation for the goal-dependent semantics
of Simple Mercury programs is a lazy top-down on demand oriented implement-
ation of the fixpoint operator. This is typically the approach that can be found
in some of the generic abstract interpretation frameworks developed for Prolog,
such as PLAI (Muthukumar and Hermenegildo 1992), GAIA (Le Charlier and Van
Hentenryck 1994) or AMAI (Janssens, Bruynooghe, and Dumortier 1995).

5.3.7 Safe Abstract Goal-Dependent Semantics

In the previous sections we have presented a parametric goal-dependent semantics
for programs written in the Simple Mercury programming language. We have
also defined a concrete instantiation of that semantics, namely by taking the
description domain to be the domain of existentially quantified term equations
©(Eqn™). In the following chapters we are interested in relating an abstract instan-

®Here the word strictness should be seen in the sense of strict functional languages such as Common
Lisp (Steele 1984) or Standard ML (Milner, Tofte, and Macqueen 1997), as opposed to lazy functional
languages such as Haskell (Hudak et al. 1992). In that context, a strict function is fully evaluated as
soon as it is encountered, while a lazy function will only be evaluated when some of its results are
needed. Lazy functions may not need to be fully evaluated if not all of the results are used.
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tiation of the semantics, to a concrete instantiation. In general, we want to relate
different instantiations. The specific relation that is of interest is to know whether
the semantics with some instantiation A is a safe approximation of the semantics in-
stantiated with a description domain C. This relation of safeness is given by The-
orem 5.1 (page 54). We specialise this theorem to our context of the Simple Mer-
cury semantic functions Semg and its auxiliary functions Aux = {init, comb, add}.

Corollary 5.1 Let A be a complete lattice, such that (C,7y, A) forms an insertion, and
where p(Eqn™) is the concrete domain used in Definition 5.6. Let init, comb™ and

add* be an instantiation of the auxiliary functions used in Semsg. If initA oc inite ("),

comb” oc comb? ") gnd add? o add®E1") then the abstract semantics Semg(A)
is a safe approximation for the concrete semantics Sems(p(Eqn™)), i.e., Semg(A) o
Sems(p(Eqn™)).

Example 5.7 For this example we plan to deduce groundness information” and represent
it using the domain of positive boolean equations known as Pos (or Prop). For more
details on this domain, we refer the reader to Marriott and Sendergaard 1993; Codish
and Demoen 1993; Le Charlier and Van Hentenryck 1993. It is common to extend this
domain with the (non-positive) boolean element false. This element is used to represent
the empty set of constraints (in the concrete domain). The extended domain is named
Pos | . In this domain truth-values related to variables are never capitalised. We follow
that same convention here: if X is a variable, then x is used to characterise its groundness
state.

Pos | is a complete lattice ordered by logical consequence |=. The conjunction A and
disjunction V operations serve as greatest lower bound, resp. least upper bound. The
bottom element is false, while the top element is the boolean element true.

Let 0 be a variable substitution (c.f. Chapter 2), then grounds6 is a mapping of vari-
ables to truth assignments: if @ grounds a variable then it is mapped to true, and to false
otherwise. Thus: groundsfV < Vars(VO) = { }, where V € V. Using this notion, we
define the concretisation function. We have y° : Pos — o(Eqn™) where

YPs(¢p) = {e| Ve € unif(e). (groundsd) = ¢}

This concretisation function is monotonic and co-strict.
Let init?L, comb?L and add™** be defined as follows:

init?os L = true

comb?? (§1,8) = S$1AS:
add™L (unif, §) = SN S

"Note that this information is in fact already present through the mode information available in
our Mercury programs. Also, as Mercury does not allow partially instantiated data structures, all
variables that get instantiated in a procedure always become ground. For this example we make
abstraction of these facts.
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where S,y is defined by the following clauses:

Sxef .y = X (YiAY2A- AYn)
SX:>f(Y1/~~/Yn) = x> (1A A...ANYn)
SX::Y = XU

Sx== = true

The description for X ==Y could also be x A\ y as both variables are definitely ground
after the test, yet they must already been ground before the test, hence, the extra equation
does not add any new information.

We need to prove that init?L oc init?(E9") | combP: o comb®(Eqn") and
add"* L oc add#(Far),

o y(init!1) = y(true) = p(Eqn™). And init?E") = {true} C p(Eqn*) =
init"oss,

e Let E1,Ey € p(Eqn™), and ¢1, ¢y € Pos |, such that E1 C y(¢1), and Ey C
v(¢2), then we need to prove that comb#(Ea") (E1, E2) € y(comb™L(dy, d2)).
As comb®L is defined as the logical conjunction, and each pair of constraints is

Eqn™)

also conjoined by comb¥ ( , the logical consequence operation is satisfied.

o With E, as defined in Definition 5.6, clearly E,uir C v(Suni) for every type

Eqn™)

of unification. Therefore, as comb"®L o comb( , we also have addP*L o

add?(Eamn™)

Therefore Semg(Pos ) o Sems(p(Eqn™)) which means that the results of ab-
stractly interpreting a program w.r.t. Pos | safely approximate the concrete run-time sub-
stitutions.

Interpreting the non-deterministic call append(A,B,C) where Cis bound to a list [1],
which can be approximated by the boolean formula c, results in the abstract exit descrip-
tion a A'b A ¢, and the annotation table:

So || Spp

z

XAz

z

Z N\ Xe N\ Zg

ZAXe NZs N\ (25 < X5 N YY)
=zZNZsANXe NXs A\ Y

e
U‘Ir-PUJI\)»—\..d
N N N N N

5.4 Goal-Dependent Semantics Semy,

The only difference between Mercury and Simple Mercury lies in the two addi-
tional goals: negations and if-then-else constructs. Let Sem be the goal-depen-
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dent semantics for Mercury, then all the semantic functions Py, Ry, Pry, G,
Ly used in Sem), correspond to the semantic functions Pg, Rg, Prs, Gs and Lg
used in Semg. Given the two additional goals, we only need to define two extra
clauses for G-

We first construct this semantics from the point of view of the concrete goal-
dependent semantics (Definition 5.6). We highlight some of the problems of this
semantics when used for abstract domains. These problems bring us to a new, ap-
proximate, definition of the generic semantics of these two language constructs.

Example 5.8 Consider the following procedure:

% :— pred ite(list(int),int).
% : — mode ite (out, out) is nondet.
ite (X,Y) : —
() X<=1[1; @X<=1[1]),
if 3 X=>11]
then (1) Y <=1
else (5) Y <= 2.

It is obvious that there are only two possible exit descriptions for the empty call de-
scription:
{X=[IA"NY=1,X=[1]AY=2}

Defining this behaviour for the concrete domain p(Egn™) results in the fol-
lowing additional clause for G;:

GM[[lf 21 then '3 else gg]] (6, A)S()S =
let (8%, A%) = G/[if g1 then g, else g3] (e, A)Spo, Vo€ S 5.1)
in ’

(Uses 87, mergeses A7)
with the additional semantic function GQ\/I defined as

Gy [if g1 then ¢, else g3] (e, A)Spo =
let (81, A1) = Gumlg1](e, A)Sp{o} in
if S; # { } then
Gum[82] (e, A1)SoS1
else

Gumlgsll(e, A)So{o}

and where merge;-sA? is as defined earlier on Page 70.

This definition of the semantics of if-then-else construct can be read as follows:
if S is a set of ex-equations, then each ex-equation is treated individually. For each
of these individual call descriptions, G}, defines the exit description depending
on whether the tested goal g fails for this call description or not. The resulting
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exit descriptions and annotation tables are then combined into one single exit de-
scription and annotation table. This behaviour is similar to the detailed definition
of the semantics for procedures given in Section 5.3.4.

This definition is very specific and can only be used in the context of concrete
domains which represent each possible call by an individual element o € S. Itis
not possible to use this definition for abstract domains where the call description
usually describes a set of concrete call substitutions by one single description.
E.g. a concrete call description {X = [|,X = [1]} consisting of two different
call situations, would typically be abstracted by one single abstract formula in a
Pos-based groundness setting: x, saying that X is ground.

Similarly, the behaviour of negated goals can be described by:

Gp[[not gJ (e, A)SpS =
let (Si, Aj) = G [[not g] (e, A)Spo;, VYo, €S (52)
in ’

(S, merge;A;)
where G/, [[not g is defined as:

Gy lnot gl (e, A)Spo =
let (81, A1) = Gumlgl(e, A)Sp{co} in
if S; = {} then
1({0}/1‘11)

{14

The conclusions for these semantic functions are similar to the conclusions for the
if-then-else construct.

In Section 5.3.4 we could simplify the definition of the semantics of proced-
ures arguing that Mercury is a strongly moded language, hence, both definitions,
whether detailed for each concrete call substitution individually, or defined for
the whole set of call substitutions, are in fact equivalent. However, this reasoning
can not be applied here.

Here we have two possible options: either we accept the difference between
the rules describing the concrete semantics and those describing the abstract se-
mantics, or we agree to lift the semantics for the concrete domains to a more
imprecise definition yet that can be used to express the abstract semantics of the
language too. The disadvantage of the first solution is that we will then need
to keep track of two formalisations of the Mercury semantics, making it more
cumbersome to prove the safeness of the abstract semantics (and its variations)
w.r.t. the concrete semantics of the language (instead of simply proving that the
auxiliary functions are safe approximations of each other, Theorem 5.1). While
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loss of precision for describing the concrete semantics may be seen as a disad-
vantage for the second solution, as program analysis is inherently limited to ap-
proximate concrete execution, we argue that the loss of precision at this level is
acceptable, and therefore decide for the second approach trading precision for
clean formalisation.

Given the fact that at run-time, a call substitution can either satisfy the tested
goal or not, but not both, we need to refer to each single call substitution of the
original call description, compute its exit substitution, and combine the result.
By relaxing the definition of the if-then-else and negation construct, we can avoid
this behaviour. This relaxation can be done by considering that if-then-else and
negated goals are equivalent to non-deterministic disjunctions:

ifgithengrelsegs = (91,92,93)
not g = if g then false else true

(g, false; true)

where false and true are procedures that always fail, or always succeed re-
spectively®. In this case, reconsidering the code of ite(X,Y) in Example 5.8, the
exit description of ite(X,Y) for a call description S = { } becomes

(X=[IAY=1,X=[]AY=2,X=[1]AY =2}

The underlined ex-equation can never result from the program, so indeed, we
provide an overestimation of the possible concrete substitutions.

The semantic functions corresponding to this interpretation of the if-then-else
constructs and negations become:

G [lif g1 then g else g3] (e, A)SpS = (5.3)
let (51, A1) = Gum[g1](e, A)SpSin
let (Sy, Az) = Gpmlg2] (e, A1)SoS1 in
let (83, A3) = Gpmllgs] (e, A)SpS in
(U(S2, S3), merge(Ay, As))

Gu[not gfl(e, A)SpS = (54)
let (81, A1) = GM [[g]] (e, A)S()S in
(S, A1)

These functions treat the descriptions as a whole, which makes them applic-
able to concrete as well as abstract description domains. It can easily be shown

8We have not incorporated these literals into the language, as they can be defined easily by the
other syntactical elements. E.g. false :— X =1, X = 2. and true :— X =1.
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P q] = Gum[q](Rum[r]) inity initg
R[] _ = fix(Fpm[r]) B

Fmlpr---pi-- pnl(e, A)(pi(Y), So) = Prm[pil(e, A)(pi(Y), So)
Pry[[h — g](e, A)(a,S) = letSy=p,— ((5)],) in

let (81, A1) = Gum(gll(e, A)SoSp in
(comb(S, Ph—a ( (81) |h))/ Al)

GMﬂgl,gzﬂ(e, A)S()S = let (S],A]) = GM[[gl]](e,A)SoSin
Gum[g2](e, A1)SoS
GM[[gl?gZﬂ (E, A)SQS = let (Serl) = GM[[gl]](e, A)S()Sin

let (82, Az) = GM[[gZ]] (6, A)S()S in
(81U Sy, merge(Ay, A))

Gy [[if g1 then 2 else g3ﬂ (e, A)S()S = let (S],A]) = GM[[gl]](e, A)S()S in
let (82, Az) = GM[[gz]] (6, A])S()Sl in
let (83, A3) = Gum[gs](e, A)SpSin

(U(S2, S3), merge(Az, Az))

G [not g]l(e, A)SpS = let(E;S'lAA)l) = Gumlgl(e, A)SpS in
Gulll(e, A)SoS — (L5, Allpe(1), ), S)
Ly[unif eS = add(unif, S)

Lu[p(X)]eS = e(p(X),S)

Figure 5.4: Definition of the natural semantics for Mercury, Sem ;.

that the results using the first definition are always included in the results ob-
tained using the above definition for if-then-else and negation.

Figure 5.4 recapitulates the definition of the goal-dependent semantics of Mer-
cury programs, Semys. The types and signatures are the same as for Simple Mer-
cury (Figure 5.1 and Figure 5.2 resp.).

We define the concrete goal-dependent semantics of Mercury to be the above se-
mantics Sem), instantiated with the concrete domain of variable substitutions
©(Eqn™). Note that this semantics is well defined.

5.5 Towards Goal-Independent Based Semantics

In the previous sections we presented goal-dependent semantics for Simple Mer-
cury and core Mercury. These semantics correspond to the normal intuitive read-
ing given to logic programming languages. Another semantics, often used in
the context of logic programming languages, is the goal-independent based se-
mantics (Jacobs and Langen 1992; Codish, Garcia de la Banda, Bruynooghe, and
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Hermenegildo 1997; Garcia de la Banda, Marriott, Stuckey, and Sendergaard
1998). This semantics is based on the intuition that each literal and every pro-
cedure can be given a meaning regardless of the way it is exactly called or used.
Given this goal-independent meaning, it suffices to combine it with an actual call
description in order to obtain the corresponding exit description. Example 5.9
illustrates this idea for append in the context of a groundness analysis based on
the Pos-domain.

Example 5.9 Consider the new abstract call description a A ¢ € Pos, for a call of the
non-deterministic version of append(A,B,C) (defined in Example 5.6 at page 67). We can
perform the same goal-dependent analysis as was done before for the call description c, but
we can also see that each of the contributions of the literals within the definition of append
is independent of the call description. The following table lists each of these contributions:

S
x
Yz
z e (Xe A zg)
zs < (xs A y)
x = (xe A Xs)

e
Gk W N R

Indeed, regardless of how the literal X <= [] is called, if the call succeeds, then the
variable X will always be ground, hence the boolean formula x. The reasoning behind the
other literals is similar.

After each call of append, each of these local contributions holds, and therefore, com-
bined, we can conclude that the greatest lower bound of each of these contributions yields
the net-contribution for calls to append. Projected onto the variables {x,y,z} we have
S; = (x \y) < z, where the subscript | refers to the local component of the exit descrip-
tion, i.e., the component inherent to append.

This local component can be seen as the goal-independent contribution to calls to
append. Combining S; with specific call descriptions yields the corresponding abstract
exit descriptions. In Pos this combination is done using the greatest lower bound opera-
tion, A:

Seall = Seit
z =xNYyNz
ZAX=XANYAz

In fact, any call description matching the mode declaration of the procedure (third
argument must be input) always yields the same exit description, namely that all three
arguments of append will be ground. This exit description corresponds to the declared
output instantiation state of the procedure.

We generalise this idea of recording the local contributions of a procedure
by giving a goal-independent meaning to procedures, and using this meaning
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for computing the goal-dependent annotations. The advantage of this approach
is that if a procedure is called with different call descriptions, only one fixpoint
computation is needed: the one for computing its goal-independent meaning.
All the call specific meanings can be derived in a straightforward way. In such
cases, the corresponding implementation of the semantics requires less time and
effort to execute, without losing precision (if the equivalence conditions are met,
see later in this chapter). Another advantage is related to the use of modules.
Procedures defined in separate modules can be given a goal-independent mean-
ing once and for all. This meaning can then be used during the analysis of the
procedures defined within other modules.

The Mercury language contains negations and if-then-else constructs. In our
first attempt of formalising the semantics of these constructs (Equation 5.1 and
Equation 5.2), these constructs are explicitly given an inherent goal-dependent
meaning. Trying to give these constructs a goal-independent meaning based on
this goal-dependent semantics is useless. If the concrete call description for the
negated or tested goal is not known, then the resulting exit description can not
correctly be computed. This means that the semantics based on these two equa-
tions can not be given a concrete goal-independent based semantics. Interestingly
enough, by giving in on the precision of the description of the concrete domain,
and using Equation 5.3 and Equation 5.4, the path towards a goal-independent
meaning is made easier.

The goal-independent based semantics will be defined in Section 5.7. We plan
to show that if a description domain satisfies some specific properties, then the
goal-independent based semantics of a program becomes equivalent to its goal-
dependent semantics. In order to clearly distinguish the properties that need to
be satisfied by the description domain, we use an intermediate formulation of
the goal-independent based semantics, a semantics which we call the differential
semantics.

5.6 Differential Semantics

In this section we develop a goal-dependent semantics for Mercury in which the
meaning of a procedure for a given call description is defined as the local com-
ponent of the final exit description of that procedure. This local component is the
part of the description that is due to the procedure. The global exit description,
as defined by the goal-dependent semantics for Mercury, is derived implicitly:
we consider that this exit description is computed by combining the call descrip-
tion with the corresponding local exit description using a special combination
operator (in fact using the auxiliary function comb). The semantics is still goal-
dependent as the definition of the meaning of a procedure is still directed by the
call description with which it is called. Yet, by separating the local contribution
from the global exit description we are already one step closer towards a goal-
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independent based approach in which similar local contributions are derived,
yet in a separate and goal-independent way.

By the fact that in these semantics global components of the final description
are explicitly separated from the local components, we called this semantics the
differential semantics for core Mercury, denoted by Sem;s. This is in accordance
with the terminology used in (Garcia de la Banda, Marriott, Stuckey, and Sender-
gaard 1998). The semantic functions for Sem s are listed in Figure 5.6. The types
and signatures of these functions are similar to the ones used in Sem ;. Figure 5.5
gives an overview of the signatures of these functions.

Pys @ Program — (Ans x Ann)

Rys @ RuleBase — AProcMeaning

Fyvs @ RuleBase — AProcMeaning — AProcMeaning

Pry;s : Procedure — AProcMeaning — AProcMeaning

Gus : Goal — AProcMeaning — Ans — Ans —
(Ans x Ann)

Lys @ Literal — ProcMeaning — Ans — Ans — Ans

Figure 5.5: Type signatures of the semantic functions used in Sempys.

The set of auxiliary functions used in Sem ;s is {init, comb, add}. The merge
operation used in Figure 5.6 is the same operation that was introduced in Semg
and Sem), (Definition 5.5, page 62).

The intention of the semantics Seny,; is to make a distinction between a global
component and a Jocal component of the descriptions that are defined. In this se-
mantics Sy, the global component, is meant to designate the part of the description
that is due to the call of the procedure to which the current language construct
belongs. This component remains the same for each of the language constructs
occurring within the same procedure call. The description subscribed with the
character [, S, is meant to capture the part of the description that is accumulated
through the influence of the language constructs that have preceded the current
language construct within the procedure call it belongs to. This is the so called
local component. The complete exit description, denoted by &, is the combina-
tion of the original call description Sy and the locally computed exit description
S;: S¢ = comb(Sg, S;). Figure 5.7 gives a sketch of the relation between these
individual descriptions.

The resulting meaning of a goal or a literal is an update of that local com-
ponent and the annotation table related to the procedure call. The fact that S; is
meant to denote the local component of the full exit substitution can also be seen
by the fact that the meaning of a procedure is given in terms of the meaning of its
goal w.r.t. the global component S, derived from the call substitution S, and an
initial local component, initialised using the init-function. Note that the resulting
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Pslr; 4]
Rys[r]
Fuslpr -

Prys[h — gl(e, A)(a, S)

Gumslg1, 820 (e, A) S S

Gumslg1; 820 (e, A)S S

pi---pn,l(e, A)p;

Gris[[if g1 then g7 else g3](e,

Gus |I1’10t g]] (e, A)SgSl
Gusl[l] (e, A)Sg S

Lyis[unif] e S¢S
Lus[p(X)] e S¢S,

—~

GM5 [[QH (RM6 [[1’]]) initq initq
fix(Fps[r])

Y)

Prys[pill(e, A)pi(Y)
leth = Pa—h ((S)|u) in

let (811, A1) = Gpus [[g]] (e, A)Sginithgg in
(Ph—a ( (’511) |h) A1)

let (811/ Al) = Gums [[gl]] (6, A)SgSl in
Guslg2](e, A1)Se Sy,

let (S;,, A1) = Gumslig1] (e, A)SSyin

let (S}, A2) = Gums[g2] (e, A)S¢Syin
(Sll UJ Slz, merge(Al, Az))

A)SgSl

let (Sy,, A1) = Gus[g1](e, A)SgSin

let (S, A2) = Gums[g2](e, A1)SS), in

let (S}, A3) = Gums[g3] (e, A)SSyin

(81, U S;,, merge(Ay, Az))

let (S, A1) = Gums[g] (e, A)SeSyin
(81, A1)

(LMé [[l]] ESgSl,
Al(pp(1), S¢), comb(Sy, )

add(unif, §))

comb(Sy, e(p(X), comb(S,, S1)))

Figure 5.6: Differential semantics Sempys.
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Pa—n( (S)lﬂ):Sg
- 7 9

p I Sg Sll = inithgg comb(Sg,Sll)
l, Sli COmb(Sg, Sl,')

Ly. Se Sy, comb(Sg, Sp,)

Sg Slexit = ©ly Comb(Sg, Slexit)

Slr = Ph—a ( (Slexit) |h>

Figure 5.7: Schematic representation of the semantics of a procedure p <«
I1,..., 1, for a call description S in Semys.

meaning of that goal is a renaming of the local component &), projected on the
head of the procedure. This projection is needed as we specifically record only
the local contributions of procedure calls to their exit descriptions.

Most of the rules defining G s and Lys are straightforward. In the semantics
for procedure call literals, we define the local exit description to be the combina-
tion of the local part of the call description (S;) with the result of looking up the
exit description of the call in the rulebase meaning that is passed around. This
lookup operation is performed with respect to the complete call description, i.e.,
comb(Sy, S;). Given the fact that we only record the local component of the con-
tribution of a procedure call (in e, the rulebase meaning), the result of that lookup
operation is the local component of the exit description due to the call.

We can repeat the same reasoning as for the natural semantics (Section 5.3.5),
showing that for instantiations with Noetherian domains and monotone auxiliary
functions, the differential semantics is not only well-defined, but the fixpoint can
also be computed by Kleene's sequence.

In the following sections we prove the conditional equivalence of this se-
mantics with the natural semantics we gave earlier.

5.6.1 Conditional Equivalence

In this section we formulate a theorem that relates the goal-dependent semantics
to the differential semantics. Indeed, we can show that for some description do-

mains, Py [7; q] = Pums[r; q]-

Definition 5.7 Given the monotonic functions e : Atom — Ans — Ans as computed
in Sempy, and ' : Atom — Ans — Ans as computed in Sempys, then
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o e~ iffV(a,80,81) €e,3(a,8,S)) €€ :comb(Sy,S)) = Si.
o ¢/~ eiffV(a, Sy, S)) €e, 3(a, Sy, S1) € e: comb(Sy, S)) = Si1.
e c~ciffe~re ande ~e.

Definition 5.8 Let X be a description domain for which the auxiliary functions init,
comb, and add are defined. Let

PXi[rgal = (Sm Awm)
PYslral = (Sms Ams)

If Spp = Sms N Aym = Aps, V7 € RuleBase, Vq, then the goal-dependent semantics
and differential semantics are said to be equivalent for this domain X. This is denoted
by Semp(X) & Semps(X).

Definition 5.9 (Head variable Idempotence) Let S € Ans be a call description for a
procedure p(Xy, ..., Xy). Assuming that S respects the strongly moded and typed char-
acter of the Mercury language, the comb operation is said to be head variable idem-

potent iff
comb(sz S|{X1,---,Xn}) =5

i.e., adding the part of a description S that is only related with the head variables of the
procedure for which the description describes a call, is a null operation for head variable
idempotent comb operations.

Theorem 5.4 Let X be a complete lattice (X, Cx, Ux, Mx, Lx, Tx), for which the aux-
iliary functions {init, comb, add}’ are defined. The goal-dependent semantics Semp;(X)
is equivalent to the differential semantics Sempys(X) iff the following statements hold:

neutral element:

comb(S, init) =S (5-5)
associativity: (5.6)
comb(S1, comb(S;, S3)) = comb(comb(S1, Ss), S3), '
additivity: 5.7)
comb(S, 81 LUx Sz) = comb(S, 1) Uy comb(S, Sz), ‘
comb is head variable idempotent. (5.8)
add: B . (5.9)

add(unif,comb(S1,S;)) = comb(Sy, add(unif, S,))
projection preservation: (5.10)

(Comb(81182)>|vars(81) = Comb(Sll S2|Vars(51))

fOT’ all §,81,5,,53 € X.
Note that comb does not need to be commutative.

9We omit the explicit superscripts, as they would only make the notation heavier.
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Given the fact that the semantics are equivalent only if these conditions are
met by the domain instantiating these semantics, we call this conditional equival-
ence and denote it by & Therefore, here we have: Sem M & Sem Ms-

The proof is given by structural induction (Nielson and Nielson 1996; Nielson
and Nielson 1992). We split the proof over different levels, namely by first prov-
ing the equivalence of the semantics of literals, then goals, and finally procedures.
This is done in the following three lemma’s. In each of these lemma’s we consider
a domain (X, Cx, Lix, Mx, Lx, Tx) with auxiliary functions {init, comb, add}.

From these equivalences, the global equivalence follows naturally.

In the following lemma’s and proofs, we superscribe the different substitution
values, rulebase meanings, annotation tables with y to refer to values in the con-
text of the goal-dependent semantics. We use the superscript 8 to refer to these
values in the differential semantics.

Lemma 5.1 Let S = comb(S,, S)) and e® ~ e¥. If the conditions (5.5)-(5.10) hold,
then:

LM [[lﬂ erS = §Y
LM5[[Z]] e58g81 = 815
4
SY = comb(S,, SP)

foralll € Literal.

Proof We need to prove the equivalence of the exit descriptions. We do this for
unifications and procedure calls separately.

e (unification) SY = add(unif, S) and S} = add(unif, S;). Using condi-
tion (5.9) we have S = comb(Sg, SP).

e (procedure call) If Sl‘; = e*(p(X),S) and SY = ¢¥(p(X),S) where
S = comb(Sg, S)), then we need to show that

comb(Sg, comb(Sl,Sl‘;)) =87

Due to the associativity property expressed in Condition 5.6, we have
comb(Sg, comb(S;, Sl‘;)) = comb(comb(Sg, Sp), Sl‘;) which is equal to

comb(S,Sl‘;). Ase¥ ~ e, thus V(a,S,S') € e¥,3(a, S, S]) such that
comb(S, S]) = &', hence in this case comb(S, Sli) =S87.

Therefore, the lemma holds.
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Lemma5.2 Let S = comb(Sg, S)), e® ~ e, and A® = AY. If the conditions (5.5)-
(5.10) hold, then:

Gulgl(e?, AY)SeS = (87, A))
Guslgl(e?, A%)S, S = (SP,AP)
3
SY = comb(S,, SP)
AY = af

forall g € Goal.
Proof We prove this lemma for each goal type.

® ¢ = g1, %2. Applying structural induction twice.

e ¢ = g1;9». Using the definitions of Semy, (Fig. 5.4) and Sem,;s (Fig. 5.6)
we have, by induction:

comb(Sg, Sl‘?) = 8
comb(Sg, SP) = S)

J (Cond. (5.7))

comb(Se, Ux{S{,SP}) = Ux{S],S)}

Also by induction, we have Al = A9, AY = AS = A} = AP,

o ¢ =if g then g; else g3. This is similar to the disjunctions. The lemma
holds by induction and by the additivity rule (Condition 5.7).

e ¢ =notg;. Trivial case.

e ¢ = [. This is the base case (Lemma 5.1) as far as the correctness of the
exit description concerns. The equivalence of the annotation tables
follows from the equivalence of the initial annotation tables and that

S = comb(S;, Sp).

Therefore, the lemma holds.

Lemma 5.3 Let e® ~ eY,and AS = AY. If the conditions (5.5)-(5.10) hold, then:

Pry[h < gJ(e¥, AY)(a,S) = (S, A))
Prys[h — gll(e?, A®)(a,S) = (SF,AD)
I3
SY = comb(S,SP)
AY = Al

forall (h — g) € Procedure, where h = p(Xq,..., Xy) and a = p(Y1,..., Yn).
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Proof We have

Pry[lr — gl(e?, AY)(a,S) = (SY, A)
= letSg = pypy ((S)],) in
let (Sly,Ay) Gumlgl(e?, AV)S Sgin
(comb(S, py—q ((S7)1,,)), A )

Prys[h — gl(e®, A%)(a,8) = (8F, A)
= letS; = p,p ((S)],) in
let (Sl‘i,A‘ls) = Gusllg] (e‘S,A‘S)SginithHg in
(ona ((88)],) 4D

where we need to prove that comb(S,S?) = §Y and AY = A?.

By condition (5.5), we have comb(Sy, init) = S,. We apply Lemma 5.2 and
thus obtain that S} = comb(Sg, Sf'), and A} = A hence A} = A%

For the equivalence of the descriptions we make the following derivation:

8 = comb(S, o ((S1)1;))
Induction: S} = comb(Sy, S| )

comb(S, pp—_a ( (comb S, Sl )
S

and

< |

Sg = Pa—n ( (8)|u) )
comb(S, py—a ( (comblpy—n (S1,),S8))]| )

s ()= (Pra (SN VS
comb(S, (pn-.a (comblpa i ((S)],),S9)))] )

Ph—a (cOmb(S1, Sp)) = comb(py—q (1), Pn—a (S2)),  VS1, 52
comb(S, (comb(py~a (o (S1,)) or—a (S2))) ]a)

<= |

<= I <=

U Pha (Pa—n (S)) =S, VS

= comb(S, (comb(5|ﬂ s Ph—a (51'?))) ‘u)
(i Condition 5.10

= comb(S,comb(S],, (ph_m (&‘j)) .
[} Condition 5.6

= comb(comb(S, S|,), (P}Hu (Szf ) .
U Condition 5.8

= comb(S, (ph_ﬂz (Sll))‘ )

b (pnaa ()= Pn—a (5|h) VS

comb(S, py_q (Sll ’h))
comb(S, SP)
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Therefore SY = comb(S, 815 ), which proves the lemma.

We can now prove Theorem 5.4.

Proof (Theorem 5.4) By the fact that for each goal and for each literal we can re-
late its goal-dependent semantics to its differential semantics by the simple
relation comb(Sg, S;) = S, we have exactly the same procedure calls in
both semantics, and therefore, at each iteration e¥ ~ ¢® and AY = A%. If
a fixpoint is ever reached — which depends on the auxiliary operations
being monotone or continuous in the given description domain — then
R[] ~ Rps[r]- Given the fact that comb(init, init) = init, we can apply
Lemma 5.2. Therefore Py[7; q] = Pumslr; q], Vr € Program.

O

The two last conditions, Condition 5.9 on the auxiliary function add and Con-
dition 5.10 on the comb operation related to the projection operation, may seem
odd at first sight. In the next section we show that these conditions are nev-
ertheless easily met by the concrete description domain we used until now. In
Chapter 6 we show that even the extended concrete domain that we use in the
context of structure sharing satisfies these conditions.

5.6.2 Concrete Differential Semantics

It is interesting to show that the differential semantics instantiated with the con-
crete domain p(Eqn™) is equivalent to the goal-dependent Mercury semantics
instantiated with that domain. We prove this in this section.

Definition 5.10 (Concrete Differential Semantics) Let Ans be the concrete domain
of existentially quantified ex-equations o(Eqn™) as used in the concrete goal-dependent
semantics for Simple Mercury (page 66) and for Mercury (page 78), where the com-
bination operation comb corresponds to the combination operation defined earlier in the
context of Simple Mercury (Definition 5.6), then the differential semantics instantiated
with this domain is called the concrete differential semantics of Mercury, denoted by

Sempis(p(Eqn™)).

Theorem 5.5 The concrete differential semantics Semys(o(Eqn™)) is equivalent to the
concrete goal-dependent semantics Semp;(p(Eqn™)).

Proof We show that init?(E9"") comb®(E4"") and add®(Fa") satisfy the required
properties. In the following we abbreviate these functions to init, comb and
add resp.
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1. (Condition 5.5) init is neutral w.rt. comb: VE € p(Eqn™) we have
comb(E, init) = comb(E, {true}) = {e Atrue|e € E} = {e|e € E} =
E.

2. (Condition 5.6) comb is associative: this comes as a direct consequence
of the associativity of the boolean A operation.

3. (Condition 5.7) comb is additive: VE,E1,E, € p(Eqn™) we can write
the derivation comb(E,E; UEy) = {eAé'|e € EA(ef € E;Ve €
E;} = {eNej|e € ENe; € Ej}U{eNer|le € ENey € Ex} =
comb(E, E1) U comb(E, E).

4. (Condition 5.8) comb is head variable idempotent. Consider a procedure
call p(Xy,..., Xn) where H = {X, ..., Xy} represents the head vari-
ables of the procedure call. Let E € p(Eqn™) be a valid call description
for p(Xy,...,Xu). Let E = {eq,...,ex} and E|y = {€],..., ¢/}

E is a call description, therefore it must conform to the mode-infor-
mation associated with the called procedure. This means that after
projection on the head variables, all variables in the resulting descrip-
tion must have the same degree of instantiatedness. Knowing that
Mercury does not allow partially instantiated data structures, this
means that the solved form for each constraint set ¢ in E|;, will al-
ways involve the same set of variables, i.e., Vei, e, € E|y, : Vars(ey) =
Vars(e). This means that in order to have different constraint sets
e1, ep in E|y, at least one variable must have a different value at-
tributed: Vej,ep € ElyyAer # ep 1 3X € Vars(ey) : e1 = X =
tinNey, E X =t jA\ti # t; Given this situation, this implies that
Veq, ey € E|'H Ner £ ey:elrNey |: false.

Relating the constraints from E to E|;, we have one of the following
situations. Lete € E, and ¢’ € E|, then

e cithere |= ¢/, in whichcasee Ae = ¢

e or ¢ [~ ¢/, which means that there exists a variable X € Vars(¢)
such thate = X = t,¢ = X = t, but where t; # t,, and
therefore e A ¢’ = false.

Given these two possibilities, we can conclude that
comb(E, E|,) ={ene'|ec€Ee € E|;;} =E

hence, comb is head variable idempotent.

5. (Condition 5.9) Adding a unification to a combination of descriptions is
equivalent to combining the descriptions with the added unification: VE1, Ey €
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©(Egqn™) and Vunif € Prim we have

add(unif, comb(E1, E;))
= comb({unif}, comb(Ey, Ey))
= comb({unif}, comb(E,, E1)) (commutativity)
= comb(comb({unif}, E;), E7) (associativity)
comb(add(unif, E;), E1)
= comb(Eq, add(unif, E;)) (commutativity)

6. (Condition 5.10) VEq, Ex € p(Eqn™), let V = Vars(E;), then

(COmb(El, Ez))|V = (iel AN ) ‘ et €E1Ney € E2}>|V
= {3\/(61 /\62) |€1 €EiNey € Ez}

Given the fact that Ve; € E; we have Vars(e;) C V therefore Jy (e A
e) < e; Adye, Ve € p(Eqn™). Hence, {Iy(e1 Aex) ey € Ey ANey €
Ez} = {61 /\3\/€2|€1 € Ef1Ney € Ez} = {61 /\6/2‘81 € Eq /\6/2 €
(E2)ly} = comb(Ey, (E2)ly)

All conditions from Theorem 5.4 are satisfied, hence we can conclude that
the semantics Sem s (p(Eqn™)) is equivalent to the concrete goal-dependent
semantics Seny(p(Eqn™)).

O

5.6.3 Abstract Differential Semantics, Relative Precision

In the previous section we demonstrated the equivalence between the differen-
tial concrete semantics Sems(p(Eqn™)) and the instantiated natural semantics
Sempi(p(Eqn™)). In the following chapters, we extend our concrete domain to
comprise other characteristics of the variables than only their bindings, yet we
again show that for these extended domains, the natural interpretation of the
language remains equivalent to the differential semantics. This is an essential
step to be able to relate our abstract semantics (which we plan to define only in
the context of the differential semantics, as it allows the straightforward step to
the goal-independent based semantics) to the original natural semantics of the
language, as the abstract domains we will be using do not satisfy the equivalence
conditions required by Theorem 5.4.

Note that if instantiations of the natural and differential semantics do not meet
the equivalence conditions stated by Theorem 5.4, then in general, it is impossible
to relate the results obtained for each of these instantiations: for some instanti-
ations this may mean that the descriptions obtained in the differential semantics
will always approximate the descriptions in the natural semantics; for other in-
stantiations, the approximating relation may work the other way around; and
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even for other instantiations, there may be no general approximating relation at
all.

The most demanding equivalence condition of Theorem 5.4 seems to be the
required idempotence of the combination operator. If that is indeed the only
violation of that theorem, then it can be proved that when instantiated with that
domain, the natural semantics will be less precise than the concrete semantics.
This will be the case for the abstract domains we intend to use, more precisely,
the domain of abstract structure sharing (c.f. Chapter 6), where the combination
operation relies on the alternating closure of two sets, an operation known not to
be idempotent. This is therefore yet another argument for defining our abstract
semantics in the differential context.

Although this is an interesting aspect of the semantics developed in this thesis,
we will not detail it further.

5.6.4 Implementation Issues

As the presented differential semantics is still goal directed, the same reasoning
as for the goal-dependent semantics Semg and Sem s holds (page 72). Hence, the
most natural way of implementing this semantics is a top-down lazy evaluation
scheme.

5.7 Goal-Independent Based Semantics

Here we present a goal-independent based semantics for Mercury programs. This
semantics consists of two parts: a set of clauses giving a goal-independent mean-
ing to the individual procedures in the rulebase of a program, and a set of clauses
that gives a goal-dependent meaning to a query g in the context of that program
using the goal-independent meaning defined by the former clauses.

Figure 5.9 presents the functions defining the goal-independent meaning of a
rulebase. The types and signatures of these functions are shown in Figure 5.8. The
goal-dependent meaning of a program, based on the goal-independent meaning
of its rulebase, is presented in Figure 5.11. Figure 5.10 presents the signatures of
the functions used in Figure 5.11.

The goal-independent meaning of a rulebase is seen as a table that maps each
procedure (identified by a corresponding call atom) to an exit description. Goal-
independence is here achieved by assuming that each procedure is called with
an empty call description, i.e., assuming that all variables are unbound. In the
context of a logic programming language, this represents a viable initial situation
allowing the derivation of goal-independent information. Thus, the exit descrip-
tion is obtained by computing the meaning of the procedure assuming that it is
called with the empty call description (returned by the auxiliary function inity,._g).
The semantics of Mercury goals is therefore defined in a goal-dependent way,
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GIProcMeaning = Procedure — Ans

R : RuleBase — GIProcMeaning

Fat :  RuleBase — GIProcMeaning — GIProcMeaning
= RuleBase — GIProcMeaning — Atom — Ans

Pry, : Procedure — GIProcMeaning — Atom — Ans

Garx . Goal — GIProcMeaning — Ans — Ans

L. . Literal — GIProcMeaning — Ans — Ans

Figure 5.8: Types and Signatures of the semantic functions used in Sempy,.

R[] B = fix(Fpe[r])
Farellpi---pi-opn llepi(Y) = Prag[pillepi(Y)
Prys [l — gJlea = Pr_a ((GM*[[g]]einithHQ ‘h)
Gum. g1, 82]eS = Gumlg2]e(Gu[g1]eS)
GM*[[gl;gz]]L’S = let 81 = GM*[[gl]]ES in
let S, = GM*[[gz]]ES in
S1US,

G [if g1 then g7 else g3lleS = let S; = G [g1]eS in
let S, = GM*[[gz]]eSl in
let S5 = GM*[[gz]]ES in

S, US;
Gix [not gJleS = S
Gux[l]eS = Lyl]eS
Ly [uniff e S = add(unif,S)
L [p(X)]eS — comb(S,e(p(X)))

Figure 5.9: Clauses defining the goal-independent semantics Sem, of a Mercury
rulebase.

thus similar to its definition in the context of the goal-dependent semantics for
Mercury. The only difference is that no annotation table is built. The meaning
for unifications is, as usual, the result of adding the unification to the call de-
scription of that literal. Finally, the meaning of a procedure call is defined as the
combination of the current call description with the stored goal-independent exit
description.

In this way, each procedure is given a meaning with the intention that this
meaning represents the contribution of that procedure to any call description
with which it might be called. Instead of computing this local contribution with
respect to a specific call pattern of a procedure, in this approach we define this
contribution independently.

The goal-independent based semantics of a Mercury program can now be
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defined in terms of the goal-independent meaning of its rulebase. This is what is
represented in Figure 5.11, where ¢* represents the goal-independent meaning of
the rulebase.

Pye : Program — (Ans x Ann)

Rye @ RuleBase — GIProcMeaning — AProcMeaning

Fvme @ RuleBase — GIProcMeaning — AProcMeaning — AProcMeaning
Prpie :  Procedure — GlProcMeaning — AProcMeaning — AProcMeaning

Gume : Goal — GIProcMeaning — AProcMeaning — Ans — Ans
— (Ans x Ann)
Lye @ Literal — GIProcMeaning — Ans — Ans — Ans

Figure 5.10: Signatures of the semantic functions used in Senipy,.

In this semantics, the meaning of a program is defined as the goal-dependent
meaning of the query g, with respect to the goal-dependent annotated rulebase
meaning which itself is defined in terms of the goal-independent meaning of the
procedures within the rulebase (R [r]). Note, that just as for the differential
semantics, only the local contributions of the exit descriptions are computed and
recorded.

The clauses defining the semantics of a goal or literal are the same as the ones
used in the context of the differential semantics. The reason is that in this se-
mantics, we also construct the local contributions of the exit descriptions, based
on the already precomputed goal-dependent rule-base meaning e. The main dif-
ference of this semantics w.r.t. Sem s is the definition of the semantics of proced-
ures, i.e., Pry.. This is the only clause that uses the goal-independent meaning
of the rulebase. Instead of computing the local component of the exit description
of the procedure based on the results of interpreting the goal of the procedure,
this clause uses the precomputed goal-independent meaning of the procedure.
As this result will always be the same, for each consecutive call of the procedure,
we obtain the effect that the exit descriptions are not part of the fixpoint process
in this semantics. The only values really involved in the fixpoint function are the
goal-dependent annotations. Given the fact that these annotations are based on
the already precomputed goal-independent meanings (as the exit descriptions of
each procedure is based on these meanings) we can conclude that one iteration
over the called procedures is sufficient. Hence, the fixpoint function stabilises
after one single iteration.

In the following section we discuss the equivalence of the goal-independent
based semantics Sem), With the differential semantics Sem,s. We also discuss
some implementation issues.
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Pure[7; 9] = lett=nit; in
Gue[[9] (Rpge [r] (Rag[r]) et
Ry [r] e* = fix(Fpe[r] e*)

Fuelpr---pi---pn e (e, A)pi(Y)S B
= PI‘M. [[Pi]]e*(ez A)pl(Y)S
Pry 1 gle*(e, A)aS = letSg = p,py ((S)],) in
let (51, A1) = Gume Hg]] (e, A)Sginithkg in

(e*a, A1)

GMe Hgl,gz]] (e, A)SgSl = let (Sll, Al) = GMe Hgl]] (6, A)SgSl in
Gume[82](e, A1)Se S,

GMe Hgl;gz]] (e, A)SgSl = let (Sll, Al) = GM. Hgl]] (6, A)SgSl in

let (Slz, Az) = Gpe ng]] (6, A)SgSl in
(S1, U S1,, merge(Ay, Ar))
G Hlf g1 then g, else g3]] (e, A)SgSl
= let (811/ Al) = GMe [[gl]](e,A)SgSl in
let (812, Az) = GMe ng]] (6, Al)SgSl] in
let (813, A3) = Gpme Hgg]] (6, A)SgSl in
(S1, U Siy, merge(Ar, As))

Gume[not g](e, A)S,S; = let(gsllAA;) = Gpma[g](e, A)SgS; in
1,411
Gume[l] (e, A)SeS; = (Lma[l] eSSy, Al(pp(1), Sg), comb(Sg, 51)])
Lt [unif] e S¢S = add(unif,§;)
Lye[p(X)] eSS = comb(Sy, e(p(X),comb(Sg, S)))

Figure 5.11: Clauses defining the goal-independent based meaning Semy, of a
Mercury program. We use the notation ¢* to denote the goal-independent rule-
base meaning of the rulebase of the program.

5.7.1 Equivalence

Independent from the description domain, the interpretation of a Mercury pro-
gram under the differential semantics is always equivalent to its interpretation
in the goal-independent based semantics. Intuitively we can see that the defin-
ition of the local exit descriptions in the definition of Sem ;s is independent of
the exact call description of the procedure, hence it should be equal to the goal-
independent meaning that we have defined for a rulebase. Moreover, the goal-
independent based semantics Sempe only records the local components of the
exit descriptions in its goal-dependent rulebase meaning e. This corresponds to
what is recorded in the goal-dependent rulebase meaning in the context of the
differential semantics. We may therefore conclude that these meanings will also
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be equivalent. Finally, the use of the call descriptions in the definition of the indi-
vidual annotations is the same in the definition of Sem) e as in Semy,s, SO we can
expect that also the annotations are equivalent.

In the following paragraphs we prove this equivalence formally.

For this purpose, we show that the local components of the exit descriptions
defined in Semps are independent of the exact call descriptions. This call de-
scription independence is stated by the following theorem.

Lemma 5.4 Let
(Sll’A1> = PI‘M5 [[h — g]] (6,A)(ﬂ1,81)

(81, A2) = Pryslh —gl(e, A)(az, S2)
where e is a rulebase meaning such that
V(p1,Sg1,SL), (P2, Sg,, S1,) €e:p1 = p(p2) = Siy, = 2 (Shy) (6.11)

Ifay = p(az), then Sy, = p (S,,) where p is the renaming function mapping variables
of ay to the corresponding variables of a,.

Proof Justaswe did in the (conditional) equivalence proof of Semy; and Sempys,
we develop intermediate proofs for each individual clause in the definition
of Sem Mé-

1. (Base case) The local components of the exit descriptions obtained
with Lys are independent of the call description of the procedure to
which it belongs to. Let

Sll = LM6 [[l]] eSglsl
Slz LM¢S [[l]] 688281

then VS, , Sp, we must have §;, = §j,.
Proof:
@ if I = unif, then

S;, = add(unif, S;)
1, = add(unif, &)
Obviously, §;, = &,
® if I = p(X), then
Sy = comb(Sy,e(p(X),Se,))
S, = comb(S;,e(p(X),S,))
where
Se, = comb(Sq, Sp)

S, = comb(Sy,,S))
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As we assume Equation 5.11, we have thate(p(X), S, ) = e(p(X), Sc,) =
Slp/ VS, S, Hence

Sl = COmb(Sl,Slp)

1

Sl = comb(Sl,Slp)

2

and therefore S;, = §,,VSq,, Sg,-

2. The local components of the exit descriptions obtained with G ;s are
independent of the call description of the procedure to which it be-
longs to. Let

(S, A1) = Gus[gl(e, A)Sq, S
(S1,,A2) = Gumslgl(e, A)Se, S

then VS, , So, we have §;, = §,.

Proof: For goals composed out of a single literal, we fall back on the
base case. For all the other types of goals, the above statement can be
proved by induction.

Finally, based on the previous statements, it is trivial to show that using the
definition of Pry,s, the obtained local component of the exit description is
also independent from the exact call description S.

]

Lemma 5.5 Let e be the differential rulebase meaning of a rulebase r, thus e = Rys[[7],
then e satisfies Equation 5.11 of Lemma 5.4.

Proof The rulebase meaning is defined as the least fixpoint over Fjss, which

is defined in terms of Prp;s. As we assume Noetherian description do-
mains with monotone auxiliary operations, we can compute this fixpoint
as a Kleene sequence. Let Vel ..., eli—1 ), ¢l,...bethat sequence. We can
show that for each consecutive rulebase meaning in that sequence, Equa-
tion 5.11 holds. Indeed, it holds for the initial rulebase meaning ¢’ = L.
Assuming that it holds for eli — 1) we show that it holds for ¢’ too, and
therefore, by induction, it holds for every rulebase meaning in that se-
quence. As Equation 5.11 holds for ei — 1) we can apply Lemma 5.4. This
means means that whenever the semantics of a procedure is computed for
different call descriptions, the resulting local contributions will always be
identical, modulo possible renaming. This means that the new rulebase
meaning computed based on the old rulebase meaning will also satisfy
Equation 5.11.

O
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Given the fact that the clauses of the semantics of procedures, goals and liter-
als in Sem s are similar to the clauses of procedures, goals and literals in Sempy,
w.r.t. the derived exit descriptions, it is correct to conclude that these exit de-
scriptions are the same. Or put differently, the goal-independent semantics of a
rulebase is equivalent to the local component of the exit descriptions of the rule-
base as defined by the differential semantics for our language. This is expressed
in the following lemma:

Lemma 5.6 Let ¢ = Ry [r], and e = Rys[r], then for every entry in e*, i.e.,
V(p1,S*) € e* and every entry in €°,i.e., ¥(p2, S¢,SP) € e® we have p1 = p (p2) =

S8* = p(SP) where p is the renaming function mapping variables of p, on the corres-
ponding variables of p.

Given the fact that the exit description of a procedure in Sermy, is equal to the
goal-independent exit description of that procedure, the following lemma holds:

Lemma 5.7 Let ¢* = Ry [r], and e®* = Rye[r]le*, then for every entry in e, ie.,
V(p1,8*) € e* and for every entry in e, ie., V(p2, Sg,S}) € e® we have p1 =
p(p2) = S* = p(S) where p is the renaming function mapping variables of py
on the corresponding variables of py.

By transitivity, we therefore have:

Lemma 5.8 Let

e = R[]
e* = Rpye[r]e”
e® = Ruslr]

then ¥(p1,Sg, Sy) € e* and ¥(pa2, S8, SP) € €® - p1 = p(p2) = S} = p (S} where
p is the renaming function mapping variables of py on the corresponding variables of py.

As a consequence of the previous lemmas, we can correctly conclude that the
result of interpreting a program in Sem ;s is equivalent to the result of interpret-
ing that same program in Sem),. This means that the exit descriptions of the
query are equal in both semantics as well as the generated annotations.

Theorem 5.6 Let

(8%,A%) Pys[r;q]
(8%,A%) = Pumad[r;q]

then S® = S and A® = A®.
Proof Indeed, the annotations are computed based on the rulebase meaning e

that is computed based on the goal-independent rulebase meaning of the
program. This rulebase meaning is equivalent to the rulebase meaning
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constructed in Semyys, therefore, by the similarity of the different clauses
defining Sem e, we can conclude that both semantics are equivalent.
O

Note that this equivalence is independent of the description domain. No ad-
ditional constraints are imposed on the domain.

5.7.2 Implementation Issues

The goal-independent based semantics is defined in two parts: a rulebase is
given a goal-independent meaning, upon which the program is given its goal-
dependent meaning. Intuitively, this definition of the semantics suggests a bot-
tom/up implementation where the procedures are given a goal-independent mean-
ing in isolation followed by a top/down execution scheme in the presence of an
actual query. However, in the concrete domain, this may not be the recommen-
ded way of implementing the language, as the goal-independent exit description
for procedures may in general be infinite.

5.8 Adding Pre-Annotations

In the differential semantics we separated the exit descriptions of procedures into
their global component, and their local component. In the definition of the goal-
independent based semantics this separation is made more explicit by defining a
separate set of clauses that define these local components independently of any
call descriptions. The same kind of separation can be done for the annotations: at
each program point we can split the obtained description into a global component
(the component that is due to the call description of the procedure) and a local
component (the component that reflects the contribution to the exit description
of the syntactical objects preceding the current program point). This is already
partially done in the differential semantics, where the annotations are obtained
by combining the current global component with the current local component.
We make this separation explicit by pre-annotating all the program points with
the goal-independent local components of the exit descriptions.

The reason why we insist so much on the annotations, and in this case even
goal-independent annotation, is that such annotations form the link between the
sequence of different analyses involved in the compile-time garbage collection
system developed in this thesis. We must therefore rely on their correctness.

The extension is very natural, and one can easily prove that the obtained se-
mantics is equivalent to the goal-independent based semantics, hence equivalent
to the differential semantics of Mercury programs.
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In this semantics we need a first set of clauses that define the goal-independent
meaning of a rulebase, denoted by Sempy,p. This meaning consists of the goal-
independent exit descriptions (like in Sem ) and the goal-independent annota-
tions. These annotations are collected in a table of type GIAnn : pp — Ans. The
signatures of these clauses are given in Figure 5.12, while the clauses themselves
are defined in Figure 5.13.

GIAnn = pp — Ans
Ryip @ RuleBase — (GIProcMeaning x GIAnn)
Fap : RuleBase — (GIProcMeaning x GIAnn)

— (GIProcMeaning x GIAnn)
RuleBase — (GIProcMeaning x GIAnn)
— Atom — Ans — GIAnn

Pry.p @ Procedure — (GIProcMeaning x GIAnn)

— (GIProcMeaning x GIAnn)
Gumip @ Goal — (GIProcMeaning x GIAnn) — Ans — (Ans x GIAnn)
Lpsp . Literal — GIProcMeaning — Ans — Ans

Figure 5.12: Signatures of the semantic functions used in Sent .

Using the goal-independent meaning of the rulebase, we define the resulting
goal-dependent semantics for Mercury programs, based on these goal-indepen-
dent exit descriptions, and goal-independent program point annotations, the so
called pre-annotations. Figure 5.14 shows the signatures of the functions defined
in Figure 5.15. Note that the signature of G, differs from the signature of the
semantics of goals given in our previous definitions: the semantics of a goal in
this setting only consists of the adequate recording of the program point annota-
tions. The exit descriptions as such are not required given the fact that the exit
description of the procedure can be derived without the exit description of the
goal in its body. Moreover, there is no need for defining the semantics of indi-
vidual literals as the annotation itself can be done independent of the nature of
the literal.

While the goal-dependent part shown in Figure 5.15 is defined in terms of
the fixpoint operation, it can be shown that the goal-dependent derivation of the
exit descriptions as well as the annotation of the program reaches a fixpoint after
one single pass. Indeed, in order to compute the exit description of a procedure,
the goal-independent information can simply be consulted, and all the program
point annotations can be performed in one go using the call description and the
already available goal-independent annotations.
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R [7] = fix(Fagp[1])

Fatplpr---pi- - pu, I (e, A)pi(Y) = _
Pr[pil(e, A)pi(Y)

Prasp[h < gl(e, A)a = let (S1, A1) = Gumyplgl(e, A)inity g in
(Ph—a ((S1)lp) A1) ]

Gumipllg1, 820(e, A)S = let (S1, A1) = Gumupligi] (e, A)S in
Grieplig2] (e, A1)St

GM*p[[gl;gZH (8, A)S = let (81,141) = GM*p[[glﬂ(e, A)S in

let (82, Az) = GM*p [[gzﬂ (e, A)S in
(81U Sy, merge(A1, Az))
Gp[lif g1 then g7 else g3] (e, A)S =
let (81,A1) = GM*p[[glﬂ(e, A)S in
let (82, Az) = GM*p [[gzﬂ ((3, A1>Sl in
let (83, Ag) = GM*p [[g3ﬂ (e, A)S in
(82 U S5, merge(Ay, A3))

GM*p[[not g]] (e,A)S = let(ESSllA)l) = GM*p[[g]] (E,A)S in
LA

Gulll(e, S = (LageplileS, Alpo(D), S))

Litsp[uniff e S = add(unif,§)

Lavsp[p(X)] eS = comb(S,e(p(X)))

Figure 5.13: Goal-independent semantics with pre-annotations Sen s,

5.8.1 Implementation Issues

In analogy to Sem,, and Sem g, it is natural to implement the goal-independent
part of the semantics in a bottom up way, while the goal-dependent part is still
evaluated in a top-down way.

5.9 Overview of the different semantics

In the last few sections we have presented a number of different semantics for
the Mercury programming language. The reason for developing these different
semantics was to provide a link between the natural goal-dependent concrete in-
terpretation of a Mercury program, and a goal-independent based abstract inter-
pretation of such a program. We introduced the differential semantics as a neces-
sary intermediate semantics that allowed us to clearly identify the conditions that
need to be fulfilled by a description domain, in order to safely conclude that the
semantics are equivalent. We have also added an additional semantics that pre-
annotates the program with goal-independent program point annotations. These
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PM.p
RM.p

FMop

PrMop

Gtep

Litep

Program — (Ans x Ann)
RuleBase — (GIProcMeaning x GIAnn)

— (ProcMeaning x Ann)
RuleBase — (GIProcMeaning x GIAnn)

— (ProcMeaning x Ann) — (ProcMeaning x Ann)
RuleBase — (GIProcMeaning x GIAnn)

— (ProcMeaning x Ann) — Atom x Ans — (Ans x Ann)
Procedure — (GIProcMeaning x GLAnn)

— (ProcMeaning x Ann) — (ProcMeaning x Ann)
Procedure — (GIProcMeaning x GIAnn)

— (ProcMeaning x Ann) — Atom x Ans — (Ans X Ann)
Goal — GIAnn — (ProcMeaning x Ann)

— Ans — Ann
Literal — GIAnn — (ProcMeaning x Ann)

— Ans — Ann

Figure 5.14: Signatures of the semantic functions used in Sermpye-

pre-annotations can be used to compute the goal-dependent annotations.
Schematically, we have the following relation between the semantics:

Sempy

where

LN Sempys = Sempye =  Sempep
(Th.5.4)

Sempy: The natural goal-dependent semantics for Mercury. See Section 5.4.

Sem st The differential semantics for Mercury. See Section 5.6.

Sempte: The goal-independent based semantics for Mercury. See Section 5.7.

Semyppep: The goal-independent based semantics with pre-annotations for
Mercury. See Section 5.8.

Hence, if a particular description domain D satisfies the conditions expressed
in Theorem 5.4, then automatically, the results of interpreting a Mercury pro-
gram in Semy (D) are equivalent to the results of interpreting that program in
Sempep(D). Interestingly, the concrete domain of existentially quantified term
equations p(Eqn™) satisfies these conditions (Theorem 5.5). This means, that
for an analysis in a description domain A defined in the context of the goal-
independent based semantics with pre-annotations, it suffices that the auxiliary
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Prep[7; 4] = let (e*, A*) = Rpypep[r] in
GMep [[Q]]A*(RMOP [r](e*, A*))
Rytep[r] (e, A*) = fij(FM.pﬂrﬂ (e, A))

FM.p[[pl ...pl-...pnp]](e*,A*)(e,A)pi(Y)S = B
Pryep[pi] (¥, A*)§|€/ A)pi(Y)S

Pryiep[h < gl (e*, A*)(e, A)aS = letSy = p,—; ((S)],) in
let A" = Gprep[g] A* (e, A)Sg in
(e*a, A")
GMop [[gl,gz]]A*(e, A)Sg = letA; = GM.p[[gl]]A*(e,A)Sg in
Gumep[$2]A* (e, A1)Sq
GMepllg1;82] A% (e, A)Sq = let A; = Gpep[g1]A*(e, A)Sg in
let Ay = Gprep[g2] A% (e, A)Sg in
merge(A1, Ap)

G mep[lif g1 then g7 else g3] A*(e, A)Sy =
let Ay = Gpmepllg1]A*(e, A)Sg in
let Ay = GMOp [[gz]]A*(e, Al)Sg in
let A3 = Gpepllg3] A*(e, A)Sg in

merge(Ay, A3)
GMep[not gJA* (e, A)Sg = Gpeplg]A*(e, A)Sy
Gutap [1]4% (e, A)Sg — letS) = A*(pp(1)) in

Al(pp(1), Ss), comb(Sg, Sp))

Figure 5.15: Goal-dependent semantics Sernpep based on the goal-independent
semantics with pre-annotations Sermpy,yp.

functions init?, add and comb? safely approximate the concrete instantiations
of these functions respectively, such that Semp,,(A) can be considered a safe
approximation of Semy;(p(Eqn™)): Senpjep(A) ox Semp(p(Eqn™)). No further
conditions are required.

An interesting question to ask in the presence of the above presented se-
mantics is how the abstract goal-dependent semantics of a Mercury program
relates to the abstract goal-independent based semantics of the same program.
If the abstract domain satisfies the equivalence conditions of Theorem 5.4, then,
of course, the results obtained in both semantics are equally precise. In general,
if some of the equivalence conditions are not satisfied by the abstract description
domain, then the relative precision is not comparable. For some programs, the
results obtained in one semantics can be more precise than the results obtained in
the second semantics, but for other programs, this can be the other way around.
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510 Mercury with Modules

In this chapter we have developed a number of semantics of Mercury programs,
assuming that these Mercury programs are defined in one single module. Obvi-
ously, real Mercury programs will be split into different modules. The effect of
compiling a program is to translate each of the modules of the program into the
appropriate target code, and to combine these into one single executable. This
means that for the concrete domain, the program can still be seen as one single
monolithic block. Yet, for program analyses that operate on the source code, mod-
ules may pose a problem, especially if one wants to be able to analyse one module
at a time, without having to load the source code of all of the modules of the user
program. In such cases, pure goal-dependent analyses are not possible, leaving
no other choice then to define goal-independent based analyses instead. Indeed,
with goal-independent based analyses, the actual analysis is performed by the
goal-independent part which can be used to give a meaning to each of the pro-
cedures defined in a module, without having to know the exact call descriptions
of these procedures. The results of the goal-independent analysis, whether con-
sisting of the goal-independent descriptions only, or if need be, also comprising
the goal-independent annotations for (some of) the program points within the
analysed procedures, may then be stored in dedicated files, the so called optim-
isation interface files. It then suffices to load these files during the analysis of other
modules instead of having to load the complete source code.

Note that this scheme works fine as long as the modules are purely hierarchic-
ally organised, i.e., the modules interdependence graph contains no loops. When
loops are present, special techniques may be needed to correctly propagate the
analysis results. One of these techniques consists of selectively recompiling mod-
ules (Bueno, Garcia de la Banda, Hermenegildo, Marriott, Puebla, and Stuckey
2001; Nethercote 2001), a technique that we will be using too, although in a less
selective way (c.f. Chapter 11). If these loops are not only purely on the level of
the modules, but also on the level of the procedures defined in them, then simple
recompilation may not suffice. Indeed, if module m; defines a procedure p;, and
module m;, defines a procedure p; such that p; is used in the procedure defini-
tion of py, and vice versa, then the general analysis scheme may have to be altered
so as to guarantee precise yet correct results. See (Nethercote 2001) where some
techniques handling such cases are detailed.

In this work, we consider looping modules, and especially looping proced-
ure definitions in looping modules, as a bad programming habit reflecting a bad
module structure of the user program. A simple tool reorganising the user code
seems a much easier solution to this problem than adapting the analyses to cor-
rectly cope with those situations.
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5.11 Conclusion

In this chapter we have presented a number of different definitions for the se-
mantics of Mercury programs, the most important of which being the concrete
goal-dependent semantics Sem ) and the goal-independent based semantics with
pre-annotations Sem Mep-

In the following chapters we define adequate new instantiations of Semps re-
flecting not only the usual variable bindings (as in the particular instantiation
Sempi(p(Eqn™))), but also other properties necessary to be able to reason about
possible compile-time garbage collection. The semantics Serm e, and the differ-
ential semantics from which it is derived, will be used to formalise the analyses
enabling us to approximate these run-time descriptions at compile-time.



Chapter 6

Data Structure Sharing

In this chapter we develop the required formalisations for the definition of a con-
crete domain suitable to represent terms that are shared in memory. This requires
the extension of the classic concrete domain of variable bindings. We approx-
imate this extended concrete domain by the abstract domain of data structure
sharing. We use this domain to define the abstract sharing semantics of Mercury
programs.

The concrete and abstract domains presented here for expressing data struc-
ture sharing are similar to the domains defined in (Mulkers 1991). The main dif-
ference lies in the use of these domains. Whereas Mulkers (1991) formalises struc-
ture sharing using the top-down goal-dependent abstract interpretation frame-
work defined in (Bruynooghe 1991), we use our domain in the context of the dif-
ferent semantics defined for the Mercury language in the previous chapter. This
requires a careful design of the concrete structure sharing domain with which
we can prove that the results in a goal-independent setting are equivalent to the
results obtained when using that domain in the natural semantics.

6.1 Motivation
Consider a type t; € X7, defined by the type declaration:
ty — f(int, int); g(t1).

Let X and Y be of type t1, and consider the following conjunction of construc-
tion unifications: X <=f (1,2), Y <=g(X).

In the context of the Melbourne Mercury Compiler, this sequence of unifica-
tions instantiates two cells on the stack, and three heap cells. See Figure 6.1.

As the term pointed at by Y is constructed using X, it is natural that parts of
the heap space are shared. More specifically, the term pointed at by X is shared

105
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Figure 6.1: Graphical representation of memory sharing in the context of the Mel-
bourne Mercury Compiler.

with the term to which the first argument of ¢/1 points to. This sharing inform-
ation is essential in the process of detecting dead heap cells. Indeed, although
X might not be used in the remainder of the code, as long as Y is used, the cells
pointed at by X may not be removed from the heap, nor may they be reused for
constructing other terms.

This small example illustrates our need to reason about parts of terms and
their memory sharing in a formal setting.

6.2 Types, Terms, and Subterms

We start by associating so called type trees to each type defined in a given program.
For these type trees, we define a formal way of selecting individual type nodes.
This leads us to the notion of a type selector. Given the fact that each Mercury term
is an instance of a type, we can directly map type selectors to term selectors. While
the former select type nodes from the type tree of some type t, the latter designate
subterms of a term of that type t. The formalisation of these subterms is used
as a basis for the concrete domain of representing shared heap cells. Recursive
types have infinite type trees. To be useful in the context of an abstract domain,
we need a finite representation for such types. By introducing an equivalence
relation on the selectors, we obtain the so called type graphs, hence guarantee a
finite representation. Each partition under this equivalence relation represents a
possibly infinite set of type nodes or subterms when applied on a specific type or
term of that type respectively. This is the basis of the abstract domain that we use
to represent structure sharing between the terms that the program variables may
point at at run-time.

This section is based on (Vanhoof 2001) where the same notions are used for
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ex list(T)

/N it

A

a b
/O\ T list(T)
int di

r dir [] [1]
%\ /N T list(T)
north  south east west north  south east west /\
[] (]

-

T

Figure 6.2: Type trees associated with the types ex and list(T) defined in Ex-
ample 6.1. AND-nodes are marked in italic. If they have children, an arc (or
circle) is used for connecting the edges to their children.

the binding time analysis that is developed in that work.

Recall that a type is a term from 7 (X7, V1), and that each type constructor in
L7 is defined by a type declaration. A type declaration enumerates the different
function symbols that are associated with a type, and also indicates the types of
the arguments of these function symbols. As such, types can be represented by
AND-OR trees. A type is an OR-node with a child node for each of the function
symbols associated with that type by the type declaration. For each non-constant
child, the type tree adds an AND-node representing all the types of the arguments
the particular function symbol takes.

Example 6.1 Consider the following type declarations:

dir —  north; south; east; west.
ex — a(int, dir); b(dir).
list(T) — [];[T|list(T)].

The type trees of ex and list(T) are shown in Figure 6.2.

The OR-nodes within a type tree are of particular interest as they represent
the types of the subterms a term of that type may have. We refer to them as the
type nodes of the type tree.

A type node of a type tree is uniquely identified by a path from the root of
the type tree to the actual type node. Such a path is described as a sequence



108 CHAPTER 6. DATA STRUCTURE SHARING

from X x N. A path selecting a specific type node from a type tree is called a type
selector. The empty sequence, called the empty selector, is denoted by e. Applied to
a type tree, € selects the root node of the type tree, i.e., the type itself. The sequence
consisting of one single element (f, i), if applied to a type tree, selects the i’'th type
node of the function symbol f that can be selected from the OR-node at the root
of the type tree. In general, a non-empty sequence (f1,i1) - (f2,12) - ... (fu,in),
if applied to a type tree, selects the type node that corresponds to the selector
(fa,i2) - ... (fu, in) if applied to the type node selected by the path (f1,7;) applied
on the root of the original type tree.

Let Selector denote the set of all sequences over & x N. If 51,55 € Selector, then
s1 ® 5p represents the concatenation of these sequences, i.e., s; @5, = (f1,,01,) -
el (f”l’inl) . (f12/i12) et (an/inz) if sS1 = (fll’ih) et (fm/in]) and Sy =
(fi,,11,) = - - - (fup, in, ). The empty selector € is a neutral element for the concat-
enation operation: Vs € Selector : c@#s =see =s.

The formal definition of a type tree is given in terms of these type selectors:

Definition 6.1 (Type tree) Given a type t € T (L7, V), the type tree of t, denoted
by TTy, is the set of type selectors from Selector — the set of all sequences over ¥ x N,
where:

® cC TTt,'
o ift="h(Tq,..., Tn)0 where h/n is defined by the type description

Ty, .., o) — fi(tn); f2(82); .- fi(t)

and where 0 is a type substitution, then for all functors f;/m with j € {1,...,i},
and for each argument position k € {1,...,n} we have (f;, k) os € TTy, where

S € TT(t/)g witht' = t(ff’k).

Given a type t, and s € Selector a type selector in t’s type tree, s € 77+, then
we use the notation t° to denote the type of the type node identified by the type
selector s in the type tree for t.

Definition 6.2 (Ancestor Type Node) Let sy and s, be two type selectors in the type
tree of a typet, ie., s1,s0 € TT+. The type node selected by s1 in the type tree of t is said
to be an ancestor type node of the type node selected by sy in the type tree of t, if and
only if there exists a selector s, such that s; e s = sj.

Note that for every type t and every selector s € 77+, € is always an ancestor
of 5.
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Example 6.2 Using the type trees depicted in Figure 6.2, let s1 = ([|],1) and s; =
([11,2), then we have:

€

sesi = ((1L2)-(11)
Iist(T)Sl = T

list(T)* = list(T)
list(T)™2*" = T

Example 6.3 If the types dir, ex and list(T) are as defined in Example 6.1, then their
type trees are:

TT gir = {e}

TTex = {e,(u,l),(a,Z),(b,l)}
(1,1,
(111,2),
HESHR

TTism = ((11.2)-(112)-([|11),
(112 ([11.2)- (112,
(112)-([112) - (11.2) - (11, 1),
(111,2)-([112) - ([11.2) - (1].2).

Mercury is a strongly typed language. This means that every term used in a
program can be given a type. Let T be a term of type t, then this term can be seen
as a subset of the type tree of t, such that in each encountered OR-node, all but
one branch is pruned away.

Definition 6.3 (Term Tree, Term Selectors) Let T be a term of type t, then the term
tree T C T T+ denotes the set of selectors that correctly select any of the type nodes in
the graphical representation of T. Elements from T are called term selectors.

Example 6.4 Consider the term a(3, north). This term is of type ex, and can be graphic-
ally represented by a tree. Figure 6.3 shows this tree, and its explicit mapping to the type
tree. Here Ty(3 worn) = {€,(a,1), (a,2)}.

We add the notion of compatible term selectors:

Definition 6.4 (Compatible Selectors) Given a type t, and selectors s1,sp € T T4,
then sy and sy are said to be compatible, denoted by s1 < sy, iff:

o cither sy = (f,ny) sy, 5o = (f,np) @sh, ny # ny;
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€X €X

N
NN

int dir r dir
I et AN

3 north north  south east west north  south east west

(a) (b)

Figure 6.3: Schematic representation of the term a(3, north) of type ex (a) and its
mapping on the full type tree of ex (b).

e 0rsy =ses), s; =sesh, 5| xsh.

Example 6.5 Consider the type ex as defined in Example 6.1. The selectors (a,1) and
(a,2) are compatible because they select type nodes starting from the same AND-node.
The selectors (a, 1) and (b, 1) are not compatible.

We have the following interesting property:

Proposition 6.1 Given a term T of type t, then all term selectors in Tr are mutually
compatible.

Definition 6.5 (Valid Term Selector) Given a term T and a selector s then s is a valid
selector for T iff s € 1.

Definition 6.6 (Subterm) Let T be a term of type t, and s € T, then s applied on the
term T, denoted by T°, selects the subterm with term tree Trs = {s'|ses’ € T;}. The
type of this subterm is given by t°.

The elements of type trees and term trees are called type selectors and term
selectors respectively. In general, we use “selector” to refer to either of these select-
ors.
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lis(T)

[] [

Figure 6.4: Graphical representation of the type graph for list(T).

Example 6.6 Let 71 = a(3,north) of type ex. Let s1 = (a,1), s = (a,2) and s3 =
(b,1). Let Ty = [3,4,5] of type list(int)! and s, = €, s, = ([|],2), and s. = ([]],2) -
([11,1). Then

7;1(3,north) = {6,(61,1),(61,2)}
Tpa5 = A{e (1), (1,2),
([11,2) - (11, 1), (111, 2) - (11), 2),
(112) - (0,2 - (1L 1), ([1,2) - (111.2) - ([11,2) 3
T = 3 " = [3,4,5]
T2 = north T = [4,5]
T = 4

Note that for example, s3 is not a valid selector for .

Type trees can in theory be infinite. The type tree for the type list(T) (Figure 6.2
and Example 6.3) illustrates this. A finite representation can be ensured by using
type graphs instead. A type graph is obtained from a type tree by folding a branch
tree leading to a type node back to an ancestor type node of the same type, if such
an ancestor type node exists.

Example 6.7 Figure 6.4 shows the type graph for the list(T)-type.

We formalise the notion of type graphs through an equivalence relation defined
on the set of selectors.

Definition 6.7 (Selector equivalence) Two selectors are considered to be equivalent
for a type t if the type nodes that they select have the same type and if either one of the
selectors is an ancestor of the other one. Formally: Let s1,sy € Selector applicable to a
type t. If t°1 = t°2 and if 3s € Selector : s1 @5 = 55 o1 55 ® 5 = 571, then s1 = s;.

As = is reflexive, symmetric and transitive, it is a valid equivalence relation.
It is worthwhile to note that having the same type is not enough for two type
nodes to be equivalent.

INote that 7 is of type list(T)0 with the type substitution 8 = {T /int}.
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tree(T)

/N

empty node

Figure 6.5: Graphical representation of the type graph for tree(T) as defined in
Example 6.9.

Example 6.8 Consider a type pair(T) defined by the following type description:

pair(T) — (T —T)
Although the selectors ((—), 1) and ((—), 2) select type nodes of the same type, they are
not considered equivalent: ((—),1) #Z ((—),2)

Example 6.9 Consider the type tree(T) defined by the following type description:
tree(T) — empty ; node(T,tree(T), tree(T))

for which the type graph is depicted in Figure 6.5. Here, the selectors (node,2), (node, 3)
are equivalent to the root node, i.e. to the selector €, and therefore are equivalent to each
other. This illustrates the idea that two selectors can be equivalent, although they are not
an ancestor of each other.

An interesting property of type selector equivalence is the following one that
states that if two selectors of a type are equivalent, then they must have a common
ancestor with which they are equivalent.

Proposition 6.2 Given a type t with type tree TTy, and s1,5p € TTy. If s1 = s
then 3s € T T+ such that Je1, ey € Selector for which s; = s e ey and s, = s e ey and
51 =83 =8.

Note that in so called type based analyses (Bruynooghe, Codish, Gallagher,
Genaim, and Vanhoof 2003; Lagoon, Mesnard, and Stuckey 2003), the equival-
ence relation between selectors is based on type equivalence only and is therefore
a coarser definition of equivalence. The effect this has on the precision of the res-
ulting analysis and how it compares to the precision obtained with our current
definition of selector equivalence is discussed in Section 12.7.

In this thesis we only consider types for which the set of types of the type
nodes that can be sele